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ABSTRACT 



We propose to study the infrared behaviour of polymerised (or tethered) random man- 
ifolds of dimension D interacting via an exclusion condition with a fixed impurity in d- 
dimensional Euclidean space in which the manifold is embedded. In this paper we take 
D = 1, but modify the underlying free Gaussian covariance (thereby changing the canonical 
scaling dimension of the Gaussian random field) so as to simulate a polymerised manifold 
with fractional dimension D : 1 < D < 2. We prove rigorously, via methods of Wilson's 
renormalization group, the convergence to a non Gaussian fixed point for e > 0, sufficiently 
small. Here, e = 1 — /?|, where —(3/2 is the canonical scaling dimension of the Gaussian 
embedding field. Although e is small, our analysis is non-perturbative in e. A similar 
model was studied earlier [CM] in the hierarchical approximation. 
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God is in the details" : F. Dyson, Disturbing the Universe 



§0: Introduction 

Consider the Euclidean action 

S(<t>) = \j d D x(cj ) (x),-A ( j ) (x))+g J d D x8^ (cj>(x)) (0.1) 

where 4> has values in R d , ( , ) is scalar product in R d , and the corresponding formal 
partition function: 

Z = Jd^)e- 9 I dDxS{dH<t>{x)) (0.2) 
He is a Gaussian measure with covariance C = (—A) -1 . 

(j) can be considered as the embedding function of a D dimensional tethered or polymerised 
manifold (for tethered manifolds see [NPW]) in <i-dimensional Euclidean space, and for 
g > 0, we have a repulsive interaction with a fixed impurity in the embedding space. It is 
easy to see that the coupling constant g has canonical (engineering) dimension 

[g\ = e = D-{2-D) d - (0.3) 

cj) has canonical scaling dimension: [(f)] = — (2 — D)/2 and the upper critical dimension of 
the embedding space is 

2D 

d c = (0.4) 
2 - D K J 

Such a model was studied in [DDG1,2] (the model was first considered in [D2]). It was 
shown in [DDG1,2] for 1 < D < 2 and e > sufficiently small, that there exists an e- 
expansion in renormalised perturbation series, and that the infrared behaviour is governed 
by a non-Gaussian fixed point. The model with an ultraviolet cutoff was reconsidered 
in [CM] in the hierarchical approximation to Wilson's Renormalization group (henceforth 
called RG). It was shown, under the same conditions, that the iteration of the hierar- 
chical RG transformations converge to a non-Gaussian fixed point independent of the 
e-expansion. 

In the present paper we consider a version of the above model and study the iterations of 
the exact RG with an ultraviolet cutoff in a finite but large volume eventually tending to 
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infinity. The precise definition of the model and the RG iterations will be found in section 
1.1. We shall simulate a fractional dimension D, 1 < D < 2, by choosing D = 1 and 
modifying the covariance C to be 



C = (-A) (<5_1) F(-A) (0.5) 

with < 5 < 1/2. Here F is an ultraviolet cutoff function which is positive, and in the 
momentum space F(p 2 ) is of fast decrease. 

The covariance C is so chosen (see section 1.1) that C(x — y) is smooth and of compact 
support. In finite volume, the zero momentum mode p = is automatically taken care 
of (for details see later). The delta function interaction is replaced (see [CM]) by its 
regularised version in finite volume: 

V(</>) = [ dx v{(j){x)) (0.6) 

J A 

with 

d 

vMx)) = e-*\+W a (0.7) 

where | • | is the norm in R d . 

It is easy to see that the canonical scaling dimension of the field is 

[4>] = -0/2 (0-8) 

where 



(3 = 1 - 2d > (0.9) 



since < 5 < 1/2 by choice. 

The coupling constant g has dimension 



[g] = e=i-p d - (0.10) 

The upper critical dimension is 

d c =- 

Note that the canonical scaling of the field is such that it simulates a Gaussian random 
field with covariance (—A) -1 in dimension D = 1 + 25. We have 1 < D < 2, and for 6 
close to 1/2, D is close to 2. The idea of simulating fractional dimensions by changing the 
covariance is not new. Even in a rigorous framework, it figures for example in [GK] and 
in the recent paper of [BDH3]. 
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We shall hold (3 > and very small and d very large so that e > is sufficiently small. 
Clearly in this configuration the critical embedding dimension d c is very large and d close 
to d c from below. Our main result is that the exact RG iteractions converge to a non- 
Gaussian fixed point close to the unstable Gaussian fixed point. The precise statement is 
to be found in Theorem 7.5 of section 7. We will sketch here the various steps of the proof. 
We show that the second order flow of the RG is under control, and it gives an approximate 
non trivial fixed point. We then prove that the remainder is also under control and that it 
gives a negligible correction to the second order RG flow. Next we prove that there exists 
an invariant small neighborhood of the approximate fixed point. The renormalisation 
group transformations are contractive in this domain and this permits us to prove that 
there exists a true attractive non-trivial fixed point of the exact RG. 
Here negligible is something rigorous, i.e. we bound at every scale the remainder to second 
order perturbation theory, and we show that a suitable function of the coupling constant 
and the fields (i.e. the polymer activity, defined later) evolves under the action of RG 
in an analytic way, and it gives a relevant contribution to the flow of the coupling which 
is under control in the same sense. The partition function density with respect to the 
gaussian measure is competely parametrised by the couple (coupling constant, Polymer 
activity) and this couple converges to a non-trivial fixed point. 

Note that a direct control of the perturbative series is difficult due to the fact that some 
non trivial cancellations occur, and expanding naively in series of g such cancellations are 
difficult to exploit. 

The formulation of RG iterations in terms of a polymer gas representation, as well as the 
method of analysis employed in this paper, have been much influenced by the original 
paper of Brydges-Yau [BY], the Lausanne lectures of Brydges [B, Laus.], together with 
developments due to Brydges, Dimock and Hurd [BDH1,2,3]. This technique has the 
advantage, with respect to the naive perturbative expansion, that the polymer activities 
as functions of the coupling are not expanded in series when the expansion is unnecessary. 
In this paper, however, there are definite simplifications and differences with respect to 
[BY], [BDH1,2,3]. The simplifications stem from the use of "compact covariances" , an 
idea suggested to us by David Brydges. This enables us to dispense with cluster or Mayer 
expansions. All polymer activities appearing in this paper are based on connected poly- 
mers. We can dispense with analyticity norms. As to the differences, they stem from the 
special form of the interaction. As a consequence we have that the growth of polymer 
activities is measured by a norm which employs a large fields regulator quite specific to 
this problem. Relevant terms are also extracted in a special way appropriate to this model. 
These matters are explained in detail in the subsequent sections. 

Some further remarks are in order. The reader may wonder why we interpolated in the 
covariance starting with D=l instead of D=2. The reason is technical and stems from 
the scaling properties of the fields which for D=l permits us to exploit with advantage 
the simple large field regulator that we have devised for the construction of norms in 
which convergence is proved. For the case D=2 the large field behaviour is not yet under 
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control. This problem deserves more attention. Needless to say, this problem is not seen 
in perturbation theory. 

Finally, we note that much progress has been made in the study of self-avoiding polymerised 
manifolds via perturbative e expansions, see [DDG3,4], [DW1,2,3,4] and for earlier work 
[NPW], [KN], [Dl], [DHK], [H]. 
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§1: The model, polymer gas representation and RG tranformations. 



1.1. The model 

Let A at be the closed interval [— L 2 + , L 2 + ] of length L N+1 . The model is described by 
the partition function 

U1 Z (A N ) = J dfic N zo(A N ,<f>) (1.1) 

where 

z (A N ,cf>) = e- v ^^ (1.2) 



11.3 



V (A Nl <j ) )=g V*(A Nl( j ) )=g J^ dx v*(cf>(x)) = g dx[^j\-^ x ^ (1.3) 
where each e R d and A* > will be fixed later (see below) . 

/UCjv is a gaussian measure with mean and covariance Cjv- The components (f)j, 1 < j < 
d, are independent gaussian random variables, and each component has covariance CV- 
dtic N ((p) = ® d j=1 dnc N {^j)- 

We now describe the covariance Cn- 

Let g(x) be a C°° function of compact support: 

n.8.11 g(x) = V |x| > i (1.4) 



Choose for definiteness 



11.8.2 



g{x) = \ e T ^ fOT 1^1 ^ V 2 (1.5) 

elsewhere 



Define 



ii.s.i "fa) = (9*9) fa) (1-6) 

Then it (a;) is C°° and of compact support: 

11.8.00 u(x) = V \x\ > 1 (1.7) 

Define 
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.(*) = / (1.8) 
Note that T L (x) is C°° and of compact support: 

u.7.3 r L (x) = V|x|>L (1.9) 

Finally we define the covariance Cn by a truncated multiscale decomposition: 



TV 

11.7 



C JV (x) = 5^ /J r L (x/L') (i.io) 

3=0 



with /3 = 1 — 25 > as in the introduction. 
From(l.lO) Cat is C°° and of compact support: 

u.7.3.! C^(x)=0 VIxl^L^ 1 (1.11) 

From (1.8) we have 



r L (x) = J ^-j** £di fu(i P ) (i.i2) 

u is of fast decrease, since it is C°° with compact support. Moreover, since u = g * g,u = 
\g 2 \ : so that T L (p) > 0. It follows that T L (x) defines a positive definite function: 



11.8.4 



117 2 ^2 T L (xi - Xj)aiCij >0 Vn, xt, . . . ,x n e R, ai, . . . ,a n e C (1-13) 

From the definition of Cat in (1.10), using (1.13) we have 



n71 ^ CAr(xi - Xj)ai(ij > Vn, xi, . . . ,x n e R, ax, . . . ,a n e C (1-14) 

Thus Cn(x) also defines a positive definite function. The positive definiteness of Cn(x) 
together with its smoothness implies that there exists a gaussian measure of mean zero and 
covariance which we call nc N , realized on a Sobolev space H 8 (An), with s > 1/2 + a 
for any positive integer a. The Sobolev embedding theorem implies that the sample fields 
<p are cr-times differentiable. For our purposes it is enough to fix a = 2. 

There exists another formula for Cat, derived from its definition, which is useful because 
it makes contact with the cutoff function F^: from (1.8) it follows that 
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11.8.33 



11.8.44 



11.8.3 



L^T L {x/V) = J jfu (f) (1.15) 
Introducing this in (1.10) we get 

L N+1 

C N (x) = J^ y^«(y) (1-16) 
which we can rewrite as 

Cat(x) - y — e ^ ^ (1.17) 
where the UV cutoff function in finite volume Fn has now the following form 

F N (p 2 )= [ dll li u(l)=p 2{1 -^ [ dllPu(l\p\) (1.18) 

J\p\ Ji 

By our choice of g , g is an even function, and hence so is u = \g\ 2 . This justifies the 
replacement of p by p 2 in the above formula 

Fn(p 2 ) is of fast decrease because u is of fast decrease. We also see that in our finite 
volume covariance the zero mode at p = is automatically regularized 
To complete the definition of the model we specify the constant A* as 



n.8.66 A * = 777^ rl l9 ) 

Note that 



JL 

u(0) 



7 = r L (0) = ^V-l) (1.20) 

we have 

11.8.77 A * - ~ ( 1 - 21 ) 

Remark: if we had started with an arbitrary A in the interaction (1.3), and we had per- 
formed a Renormalization Group transformation (defined below), then we would have 
obtained in the absence of quantum corrections: 



I+7A 
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Since (3 > 0, A* is an attractive fixed point. Choosing A = A* from the beginning is an 
updating of the Renormalization Group trajectory which simplifies the subsequent analysis. 

From now on, a bound of the form 0(1) will mean a bound independent of L. 
We have the following bound on the derivatives of T L (x): 

LEMMA 1.1.1 

For < (3 < 1/4 and all k > 1 we have 
11A sup|c> fc r L (x)| <0(1) (1.22) 

x 



11. B 



11.8.. 



/ dx \d k T L (x)\ 2 < 0(1) (1.23) 

Proof 

The proof of (1.22) follows directly from (1.8) and from the fact that 

su P |a fc w(x)| < o(i) 

x 

One has, taking k derivatives 

sup \d k T L {x)\ < 0(l) 1 ~^ fc < 0(1) 

To prove (1.23) we have 

I dx \d k T L {x)\ 2 = 2 [ L ^/f" fc t ^lt k t dx (d k u)(x/h)(d k u)(x/l 2 ) 
Jn Ji 'l Ji h J-i 2 

Using (1.22) the last integral can be bounded by 0(l)/2- Therefore we have 

/ dx \d k r L (x)f < o(i) [ L d ±it k t ^it% 

and it is easy to see by direct computation that the integrals are bounded again by O(l). 

Q.E.D. 

From now on we drop for simplicity the suffix L from V. 
It is also natural to define the rescaled propagator 

KT(y) = L-PT(yL) (1.24) 
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We will also use sometimes the following notation 



u.8.89 f (y) = KL- p T{yL) = X,nT(y) (1.25) 

Note that 



11.8.99 



r(0) = l-L" /3 (1.26) 



1.2. Renormalization Group transformation 
It is easy to see from (1.10) that 

ii. 9 C N (x) = T(x) + lPCn-^x/L) (1.27) 
Define the rescaled field TZ(f>(x) 

n. 9 .i Kcj>{x) = L^ 2 cj>{x/L) (1.28) 
From (1.27) and (1.28) we see that we can write 



11.1.01 



where 



11.1.02 



11.1.03 



J dii CN {4>)zo{A N ,4>) = J d^ CN _ 1 {(t))z 1 {K N - 1,0) (1.29) 

zi(Ajv_i,0) = y^ r (C)-2o(Aiv,C + ^0) (1-30) 

This constitutes our Renormalization Group (RG) transformation, which can be iterated. 
After n steps (0 < n < N) we get 

J d/J CN ((p)z (A N ,(p) = J d/J CN - n (<P)Zn(hN-n,(p) (1-31) 



where 



11.1.04 



z n (A N - n ,4>) = J d// ri (C)^n-i(Ajv-n+i,C + ^) (!-32) 

After A" steps we get z n (A ,</>) and measure iic {4>)- Note that A is the closed interval 
[—L/2, L/2] and C = T. Then we want to pass to the A" — > oo limit. We would like 
to study the convergence of the iteration (1.32). This is awkward because the volume is 
changing with the iterations (see (1.31)). We can take N , n, N — n very large. Then the 
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11.13 



11.14 



11.15 



RG iterations can be viewed as those of a fixed map. The precise sense of the convergence 
of these iterations will be explained later. 

1.3. The master formula for fluctuation integrals. 

By a simple gaussian integration it is easy to see that, choosing suitably the constants (3 
and d, the direction defined by the initial interaction (1.3) is relevant under the action of 
RG: with our definition of A* we have that 

J dfXr(Ov*{({x) + K(t>{x)) = L- a v^L-^ 2 TZ(t){x)) 

with a = (3d/2 chosen in such a way that a < 1. Changing variables x' = x/L we get 

L~ a J dx v*{L-P' 2 1l(l)(x)) = L e J dx 

with e = 1 — a > 0. 

We will see later that this direction is actually the only relevant one. In order to prove 
this it is often useful to define a modified fluctuation integration such that the result of 
this integration is already multiplied by a factor L~ a v*(L~ f3 / 2 lZ(f)(x)). This is given by 
the following equality 

LEMMA 1.3.1 (Master formula) 

J d// r (CMC(aO +n<t>(x))F(( + n<f)) = 
= L- a v*(L-P /2 1l(t ) (x)) J dnx*(()F(C + L-PT x 1l(/>) (1.33) 

where 

Z x (y -z)= T(y -z)- \*T(x - z)T(x - y) (1.34) 

T x H^(y) = L^TZ^y) - \*T(y - x)TZ(f>(x) 
Note that by trivial algebraic manipulation, and by L@ — 1 = A*r(0) we obtain 

L-^T x Tl^{y) = [K<j){y) - TZ(f>{x)} + L" /3 (l + A*(r(0) - T(x - y)))7ty(x) (1.35) 



n 16 L-^^TZcpix) = L-P-Jlcpix) (1.36) 
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The proof of Lemma 1.3 is obtained simply by gaussian integration. 
1.4- Polymer expansion, [BY]. 

The polymerised version of the partition function (1.1) is obtained by expressing the volume 
A as a union of closed blocks A of size 1; since A is one-dimensional, the blocks are actually 
closed unit intervals. 

We define first of all a polymer X as a union of blocks A. A cell may be the interior of a 
block, i.e. an open block, or a point of its boundary. 

Then we define a commutative product, denoted o, on functions of sets containing polymers 
and cells, in the following way 

(F 1 oF 2 )(X)= Yl F 1 (Y)F 2 (Z) (1.37) 

Y,Z:Y^Z=X 

where X = Y ^Z iff X = Y U Z and Y D Z = ([>. The o identity J is defined by 

j _ / 1 if X = 



116 2 ~ 1 otherwise 

The Exponential is defined by 



= \ 1 if * = (1.38) 
>. otherwise 



1.16.3 



Sxp(K) = I + K + KoK/2l + ... (1.39) 

This is the usual series for an exponential except that the product has been replaced 
by the o product. The Exponential with the o product satisfies the usual properties of an 
exponential. 

Moreover we define a space filling function □ as 



1 if X is a cell 

n — ,:" 

1.16.4 



fl if X is a cell (14Q) 
1 otherwise 



11.17 



Finally we denote, for X polymer or cell 

Vo(X,(j>) = g f d D xv4<P(x)) (1.41) 
Jx 



With these notations it is clear that, since 

11.17.1 £xp(u)(X) = l (1.42) 

one has 



11.18 



Zo(A N ) = J dfi CN e- v '^ A ^£xp(n)(A N ) (1.43) 
In what follows it will be understood that in an expression of the form 
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1119 e- v ^Sxp(u + K)(A) (1.44) 

or 

n.20 £xp(u+K)(A) (1.45) 

the functions K, K, called activities, are supported only on polymers and vanish on cells. 
In particular an expression like (1.45) is often called polymer gas, because it can be written 
in the form 

oo 

n.20.1 £xp(n+k)(A)=J2(VN\) K(X 1 )...K(X N ) (1.46) 

N=0 X U ...,X N 

where X\, ...,Xn are all disjoint polymers in A. Since these are closed, they are separated 
by a distance of at least one. 

We will consider often activities defined on connected polymers. For such activities the 
decomposition (1.46) is on connected subsets of X. Such activities will be called connected 
activities. 

The polymer expansion given above is borrowed from [BY]. 

Let us conclude this subsection stating two useful lemmas about manipulations on £xp. 
The (easy) proofs can be found in [BY] and [B,Laus.]. 

LEMMA 1.4.1 

For any pair of polymer activities A, B 

11 20 2 Expiu + A)£xp(n + B) = £xp(n + A + B + A V B) (1.47) 

where the polymer activity (A V B) is defined by 

n.20.3 (AVB)(X)= U A ^U B ^ (1-48) 

{Xi},{Yj}^X i J 

with {ATi}, {Yj} — > X meaning that the sum is over the families of polymers {A^}, {Yj} 
such that (UjXj) U (UjYj) = X, the X's are disjoint, the Y's are disjoint, but the two 
families are overlap connected. 

LEMMA 1.4.2 

Let us define, for a polymer activity A, the quantity 

N>1 ' X 1 ...X N ^-X 3 = 1 
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11.21 



where X\...X^ — > X means that X\...Xn are distinct, overlap connected and such that 
u,a, = X. 
Then we have 

II eMX) = £xp("+(e A - l) + )(^) (1-50) 
xcz 

1.5. RG strategy. 

A single RG step has for us four parts. We describe them briefly here and we will fill in 
the details in later sections [3-5]. We begin with an expression of the form 

e- v ^' A) £xp(n+K)(<l>,A) (1.51) 

Here V is of the form (1.41), with g replaced by g. Althought K is absent initially, it is 
necessarily generated in RG operations. 

The structure of the activity A, together with bounds, will be exhibited in later sections. 
Suffice to say at this stage that K consists of an exact second order perturbation theory 
contribution plus a remainder. 

Before we proceed further, let us rewrite (1.51) in the form 

e- v &> A )£xp(n+ K)(<j>,A) =£xp(n + K)((j),A) (1.52) 
K is a functional of K and V, given by a standard formula, given later (see section 3). 
Step 1: Reblocking 

We reblock (1.52) using the reblocking operator B. The reblocking operator was introduced 
in [BY]. So far A has been paved with closed 1-blocks. Introduce a compatible paving of 
A on the next scale by closed L-blocks. Each closed L-block is a union of closed 1-blocks. 
For any 1-polymer A, let A be the smallest L-polymer containing A. If Z is a 1-polymer, 
LZ denotes a L-polymer. Then 

1 N 

m=e^ e n*™ (i-53) 

N>1 ' X 1 ...X N disjoint j — \ 

{Xj} overlap connected 
UXj=LZ 

We then have 

n . 23 £xp(n+K)(A,(f ) ) = £xp L (n L + Bk)(A, ( f ) ) (1.54) 

where all the operations on the r. h. s. of (1.54) are on scale L. 



11.22 
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We shall now let the RG act on (1.54). The RG action, as outlined before (see (1.30)), con- 
sists of a convolution with respect to the measure fir L (called the fluctuation integration) 
followed by rescaling. 

Step 2: Fluctuation integration 

This is 

iiiv * £x PL (n L + BK) ) (A, K(/>) 

with K(j) defined by (1.28) 

The expansion of Sxpl(°l + BK) gives a sum over products of L-polymer activities, where 
the L-polymers are closed and disjoint. They are thus separated from each other by a 
distance greater or equal to L. The fluctuation covariance V is of compact support by 
construction: 

T(x — y) = V \x — y\ > L 

As a consequence 

(Air * Sxp L (n L + BK))(A, TZ(P) = Sxp L (n L + ^ * BK)(A, Kcfy (1.55) 

This leads to a considerable simplification in the RG analysis. 
Our next step is 

Step 3: Rescaling 

We recall here (1.28) the definition of the rescaling operator 1Z acting on the field <j>: 

K(j)(x) = L p/2 (j)(x/L) 
We have already defined also (see (1.24)) the rescaled fluctuation covariance 

KT{y) = L~ /3 T(yL) 
For a polymer activity K we define 

u.24.1 1lK{L- l X, 0) = K(X, Tlcfy (1.56) 

Note that 



11.24 



11.24.2 



(pr*K)(X,n(P) = (fmrtKKXL^X^) (1.57) 



as it is easy to see. 
Define 
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11.24.3 

Then we have from (1.55) 



S = KB 



(1.58) 



n . 25 £xp L (n L + ^ r *Bk)(A,n</>) =£xp(n+(Sk)*)(L- 1 A, ( j ) ) (1.59) 

Here \ denotes the convolution operation with respect to fi-jzr- 

On the r.h.s. of (1.59), L~ l A stands for A shrunk by L _1 and paved by closed 1-blocks. 
Our final step is the extraction: 

Step 4-' Extraction 

This consists of picking up relevant parts F from (SK)^ and exponentiating them, in such 
a way that 

1126 Sxp(n+(Sk)^)(L- 1 A t (j>) = e- v ' {L ~ lA ' <t,) £xp(n+K')(L- 1 A,(j)) (1.60) 

We will find that 



11.26.1 



V'(F)(X)=g' [ dx v*(<j>(x)) (1.61) 
Jx 



with a new coupling constant g' . 

K' is a functional of K and of the relevant part F: 

n.26.2 K' = S(K,F) (1.62) 

An explicit formula for the extraction operator £ is given in [B,Laus.] and we will put it 
to good use. The aim of the RG analysis is to control the discrete flows obtained by a 
large number of iterations (V, K) — > (V, K'). 
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§2. Polymer activity norms and basic Lemmas. 

We want to define in this section the basic properties that we need on the activities K, 
and the appropriate norms to control them. 

2.1. Decay in X: the large set regulator Y . 

Let K(X) be a connected polymer activity (with possible dependence suppressed). The 
decay of K in the "size" of X is controlled by a norm of the following type: 

||K|| r „=sup Y, \K{X)\T n {X) (2.1) 

A XDA 

X connected 

Where the large set regulators are defined by 

V n {X) =2 n ^Y(X) (2.2) 



F(X) = L (D+2 ^ X \ (2.3) 

and \X\ denotes the number of blocks in X . Because our fluctuation covariance is com- 
pactly supported it is sufficient to define the norm of the K only for connected X . This 
simplifies the definition of V with respect to [BY] . 

We define a small set as follows: a connected polymer X is a small set if \X\ < 2 D . 
Recall that the L-closure X of a polymer X is defined to be the smallest union of L-blocks 
containing X 

The main result about V that we need in the next sections is the following statement 
LEMMA 2.1.1 

For each p = 0, 1,2, ... there is an 0(1) constant c p such that for L sufficiently large and 
for any polymer X 

T^L- 1 !) < c p T(X) (2.4) 
For any large set X a stronger bound is valid 

TpiL' 1 !) < c p L- D - 1 T{X) (2.5) 

Proof 

For X small set one has (using D = 1) \X\ < 2, \L~ l X\ < \X\. This proves the (2.4) with 
c p = 2 p 
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For large sets we note that, for L > 3, \X\ > 3, \L 1 X\ < %\X\. These relations imply: 

T p (L~ 1 X) = 2 p l L_1 ^l l( d+2 )I l_1 ^I < 2 p §l x l L§( D + 2 )I X I < 2 p §l x l L-^ D+2 ^ X \T(X) < 

< 2 Pl\ x \L-^ x \L-^ D +^ x \r(X) < 2P" i \ x \L-^ x \L- D - 1 r(X) Q.E.D. 

2.2. Smoothness in the fields. 

Functionals of <p are defined on the Banach space C r (A) of r times continuously differen- 
tiable fields with the norm 

\\f\\ Cr = j2^P\d l f(x)\ (2.6) 

i=o x 

A derivative of a functional with respect to <p in the direction / is a linear functional 
/ -> D K (X, <p; f) on this Banach space defined by 



—K(X,cf> + S f) 



= DK(X,<f>;f) 

s=0 



The size of a functional derivative is naturally measured by the norm 

\\DK(X,<I>)\\ = s a p[\DK(X,frf)\ : / G C r (X), \\f\\c r (x) < 1] 
and \\K(X,<f>)\\ = \K(X,(t>)\. 

In the proof of the main theorem we will need to introduce the norm 

\\K(X)\\ 1 = \\K(X, 0)|| + \\DK(X, 0)|| (2.7) 
We have the obvious property: 

LEMMA 2.2.1 

For any polymers X\ , Xi and for any activities K\ , K2 

\\K 1 (X 1 )K 2 (X 2 )\\ 1 < \\K 1 (X 1 )\\ 1 \\K 2 (X 2 )\\ 1 (2.8) 
2.3. Growth in the fields: the large fields regulator G. 

The growth of K(X, (/)) as a function of 4> and derivatives of is controlled by a large fields 
regulator G(X, (/)). 

The natural norm defined by G has the form 

\\K(X)\\ G = sup WKiX^^G-^X,^) (2.9) 

4>eC r 
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The functional G(X, 0) is chosen so as to satisfy the following inequality 



2210 G(XUY,<f>)>G(X,(f>)G(Y,(f>) ifxnr = (2.10) 

The form of our interaction suggests the use of the following regulator 



22.11 



Gpk (X,cj>) = ^- [ efe e -(W2)(i-p)|^0lVll^.^ (2.11) 
l-^l Jx 

with < p < 1, k > and 



22.12 

Ka<a 



,l,a= E H*"* ( 2 - 12 ) 



where \\(p\\x is the L 2 norm. We take a large enough so that this norm can be used in 
Sobolev inequalities to control d<p pointwise. 
Let us show that (2.10) is true for this choice. 

LEMMA 2.3.1 

G Py k satisfies (2.10). 
Proof 

It is enough to show 



1 



ctee~ (A * /2)(1 ~' o)l ^ (x)|2 > 



Define: 



\X U Y\ JxuY 

> — I dxe- (X * /2){1 - pmx) \ 2 — I <l.r<- { * W-/>)\»W 
\ x \ Jx \Y\ 



a = JL / cfa e -(A./2)(i-P)l«*)l 
b= J_ f dye -(A,/2)d-P)l«y)l s 



P = riFi » ? = 



Note that 



X\ 1 " Y 



< a, 6 < 1 



i + i = i 

P 9 
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We have 



IU 



3— r / ^ e -(^/2)d-P)l^)| 2 = I + i 6 
UY\J XUY p q 



V Q 



> apbi > ab 



where to go to the last line we have used < a, b < 1. 



Q.E.D. 



For the norm (2.9) to be useful, we will need further properties for the regulator G. In 
particular to control the fluctuation step we will need that G is stable in the sense of the 
following lemma: 

LEMMA 2.3.2 [Stability of the large field regulator) 

Let < p < 1/8 p = 0(1) and k > k = 0(1) be both sufficiently small and indepen- 
dent of L. Let k/p < 1 and L be sufficiently large. 
Then 

22.12.2 (p r *G p , K )(X,TZcf>) <Gl K (X,Kcf>) (2.13) 

with 



22.13 



Gl K (x,ncp) = o(i)2\ x \^ j ^-(A./^d-p/^/^iL-^/^wi 2 ^!!^^,^ (2 _ 14) 

I I J X 

The proof of this lemma, which is straightforward but rather long, is presented in Appendix 
A. 

It is useful to note that from the scaling property of the field </> and the definition of f3 in 
(0.9) we have 

W\\h,<r < ^ 

and for L sufficiently large 

L?-H < 1 

since (3 > but very small. 
Note also that 

1/ febbraio/2008 [22] 2:4 



for e sufficiently small ( depending on L) . Using these two facts it is easy to see that 



Gl K (X,K<t>) < O(l)2l x lL- D G(L- 1 X,0) 

which is the original form of the regulator up to the contractive factor L~ D and a vacuum 
energy contribution depending on the size of X. 

Finally we remark that the stability of the large fields regulator can be stated analogously 
using the master formula: actually in section 5 the following form of the stability of the 
regulator will be used for < p < 1/32 and n/p < 1 and L sufficiently large 

J rf^(C)e (A * /2)4p|c(i)+L ~^^ )|2 e 4K|lc+L ~' 3TS ^ l ^.i.- < 
This can be derived from (2.13), (2.14) using the master formula in the following way 

= [L-%*(L-^ 2 ^))]-V(0) j d^rCOe-^/ 2 )^-^!"*) 4 -^*)"^ 4 ""^^.!.- 

(2.16) 

The right hand side of (2.16) is controlled using (2.14): 

[L" a ^(L-^ 2 ^(a:))]- 1 ^(0) J ^ r (C) e -( A */ 2 )( 1 - 4 ")l^ s )+W)l 2 e 4K l^+^llx,i,. < 

[L- Q V 4L-^ 2 7e0^))]-^4O)L- a e-( A */ 2 )( 1 - 4 ^ i " /2 )l L " 0/2 ^^l 2 e 8 «ll^ll-. 1 - (2.17) 
and (2.17) implies trivially (2.15). 

One particular point which we have to take account of in this work is the fact that due to 
our expression of the large field regulator the usual relation (see e.g. BDH) G{X, <f>) > 1 
is not true in our case. Therefore also the useful relation G(X, 0) > G(Y, 0) if X D Y is 
in general false. This implies that in many cases the reblocking step has to be evaluated 
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in some detail. For the contributions due to small sets (see below, section 5) the following 
lemma is often used 



LEMMA 2.3.3 



22.100 



G(L~ 1 X,<p) < 0(1)L D G(Z,(/)) 



(2.18) 



X a. a. 
X = LZ 



Proof 



22.101 



Y G{L- l X^)= Y T 4r-J efee-^/^-^WlV 11 ^ 11 *- 1 - (2.19) 
— ' ' \L X\ \j-\v 



First we observe that since X is a small set, so is Z. We have 



y G(L- 1 X,cf>)<0(l)L D 



X a. a. 
X = LZ 



^ 'A 



rfxe -(A,/2)(l- / ,)|^(x)| : 



+ E 



X:|X|=2,X conn. 
X = LZ 



dxe~ {K/2){1 ~ pmx)l ' 



e «ll4>lll,l, CT < 



< 0(1)L 



D 



+ E 



A]^ , A2 conn. 
Ai UAo=LZ 



Jl- 1 a 1 Jl- 1 a 2 



e K \m\ z ,i,v < 



< Q(1)L D 



y [ dxe- {K/2){1 - pmx) f 
a Jl- 1 a 



ACLZ 



+ E E 



^-(^Xi-p)!^)! 5 



A X A 2 J L~ 1 Ai 

A^CLZ A^,A2 conn. 



e K\m\z,i,<T < 
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22.102 



<0(1)L D [ d xe -(A./2)(i-p)l^(x)r e «l|^ll|, 1 , <7 < 0(l)L D G(Z,(f>) (2.20) 
In passing to the last line we have used 

£ ^2 



A 2 

A^,A2 conn. 



22.14 



22.15 



and the fact that \Z\ < 2. 
Q.E.D 

2.4- Norms. 

Now we have all the ingredients to construct norms on K. We define the norms 

II^WII^i = II^WIIg + II^WHg (2.2i) 

\\K\\ gxt =\\\\K{X)\\ Gi x\\t (2.22) 

However sometimes it will be useful to define L°° norms on certain activities in the following 

way 

22 .ifl ll^POIki = H^POIloo + WDKWU (2.23) 

where 

2217 H^WHoo = sup \K{X^)\ (2.24) 

4>eC r 

2.5. Basic estimates on generic integrated activities. 

In this subsection we state some bounds valid for integrated activities with initial norm 
small enough. These bounds will be used often in the next sections. 

LEMMA 2.5.1 

Let K be an activity such that ||X||G,i,r = 0{e q ), with q > 1/10, and let us define S>kK 
by restricting the sum on N in (1.53) to N > k. Then we have 

22.41 S> k K{Z,<j>) = Y J ( nR k ){L- 1 X,cj ) ) (2.25) 

with K k defined by 



X 

X = LZ 
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1 N 

w)=Ejvi e n^) ( 2 - 26 ) 

7V>fc ' ^.....Xj, disj. j-1 

y jXj =x 

{Xj } ov conn 

Then one has for any integer p > and e > sufficiently small 

II («S>^ || G ,i,rv < 0{l) k L^'^\\K\\ k GXT (2.27) 
with 0(f ) depending on p. 
Proof 

The action of the fluctuation operator is controlled by the stability of the large fields 
regulator: 

22 45 |(/x r *K)pW)| <L" I? O(f)2l x lG(L- 1 X,0)||K(X)|| G (2.28) 

then 

|(5> fc K)Vz,0)|< £ L-^0(f)2l x lG(L- 1 X,^)||^(X)|| G < 

X 

< L^O(l) e «II^H^ / ctee-^W-^l 2 £ _^_ Xl _ 1x (^) ||tf fc {X ) \\ G 

X = LZ 

22.46 (2.29) 

where Xl^x^) is the characteristic function of the set L~ X X. Using the trivial bounds 



22.47 



we have 

\\{S> k Kf{Z)\\ G <0{l)2\ z \ 2 lXl \\K k (X)\\ G (2.30) 



X 

X = LZ 



22.48 



Performing the same bound on the functional derivative we have 

HS> k K)^Z)\\ GA <0(l)2^L^ 2 Yl 2 |X| ||K fc (X)|| G)1 (2.31) 



X 
X = LZ 



and therefore 

{S> k Kf{Z)\\ G)1 T p {Z)<0{l)L^ 2 V \\K k {X)\\ G)1 T p+2 {L- l X) (2.32) 



22.49 II V^^k- 11 ; v^y ||Lt,i-^ pv^y — ^V- 1 -^ / y 

X 

X = LZ 



Defining (see also [BY]) 
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\\K k \\ { Z,r p+2 =^P E \\K k {X)\\ G ^ p+2 {L^X) (2.33) 

^ X 

we easily obtain from (2.32) 

II (S> k Kf \\ GA , Fp < 0(l)^/ 2 ||K fc ||g) 1)rp+2 (2.34) 
Now we use the BY argument (Lemma 7.1 [BY]) and we obtain 



II^C,r p+2 < E 0(l) N (\\K\\^ Tv+ .f (2.35) 

N>k 

From (2.4) of Lemma 2.1.1 

22 .5i.i WL" 1 *) < 0(1)T(X) (2.36) 

and using again BY we obtain finally 

ll^llS,r P+3 < 0(l)L D \\K\\ Gtltr (2.37) 

hence 

II {S> k Kf || G)1 ,r p < 0(1)L^ Y, 0(1) N (L D ) N (\\K\\ G ^ T ) N (2.38) 

N>k 

Using the bound (JC) ||c,i,r < 0(1)£ 9 to control the sum over N we have the lemma 

Q.E.D. 

Lemma 2.5.1 obviously implies the following 
COROLLARY 2.5.2 

For the linearized scaling operator S\ the following bound holds 

II {SiKf || G ,i,r p < 0(l)L^ 2 +^||Al G , 1)r (2.39) 
for any integer p > 1, 0(1) depends on p. 

We now define the linearized scaling operator restricted to contributions from large sets 
by 

S[ Ls - ) K(Z^)= Yl {nK^L^XA) (2.40) 

X conn, large set 
X = LZ 
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We have the following result. 



LEMMA 2.5.3 

II (S^K)" \\ G , h r p < 0(l)L-(^\\K\\ Gxr (2.41) 

for any integer p > 0, 0(1) depends on p. 
Proof 

Repeat the proof of lemma 2.5.1 using 

22 51 2 r p _|_3(L _1 A > ) < 0(1)L~ D ~ 1 F(X) for X large set (2.42) 



which comes from (2.5) of Lemma 2.1.1 instead of (2.36). 



Q.E.D. 



Let now F be a polymer activity supported on small sets, such that for every integer p > 
and for q > 1/10 

22.57 \\F\\ G ,i,r p < 0(e«) (2.43) 
and 

\\F\\oo,i,r p < 0{e*) (2.44) 

with O(l) depending on p. 

We then have for e > sufficiently small 

LEMMA 2.5.4 

22.59 ||e- F -l|| G ,i,r p <0(l)||F|| G)1) r p (2.45) 

22.60 \\e- F -l-F\\ GA , rp <0(l)||F|| G>1> r I ,||F|| 0O>1 ,r p (2.46) 
Remark: 

Lemma 2.5.4 remains true if the G-norm is replaced by the L°° norm, by the same proof. 
Proof 

lle-^'-EF^W'll^ E 4l|fP0llf (2-47) 

/=0 ' N>k+1 

whence: 



l//ebi)raio/2008 [28] 



2:10 



k 



1=0 ' N>k+1 

^ E ^inmGAiimMUMx)^- 1 (2.48) 

N>k+1 

Let A C X be any block in X. Then 



22.62 — 7\n 

N>fc+1 



HF^iu^x) < £ ||F(y)IUir(y)<8up £ ||F(y)|| 00)1 r(y) = ufiu^ 

(2.49) 



22.63 

Prom (2.48) and (2.49) we get: 



22.64 



" F(X) -E^(-^))*ll G ,i< E ^\\F(X)\\g,i\\FC^ t (2.50) 



1=0 N>k+1 



or 



,-o i! 



22.65 — II IIC^M IK lloo,l,r ^ 

N>k+1 



< \\F\\ G ,i,r\\F\t xr W llFll ^ k (2 - 51) 

N>k+1 

Because of the smallness of ||-F||oo,i,r the series is bounded by 0(1). Hence 

\\e~ F ~ £ l(-F) l \\ G , ir < 0(l)||F|| G , lG ||F||^ 1)r (2.52) 



22.66 

1=0 



Setting k = 0, 1 in (2.52) we prove the lemma. 



Q.E.D. 



LEMMA 2.5.5 

For any integers k > 1 and p > 0, and with O(l) dependent on p 

\\(e~ F - l)t k \\G,i,r p < 0(l) k \\F\\ Gtl , r ^\\F\\^l r ^ (2.53) 

\\(e~ F - l)tk\Ui,r p < 0(l) k \\F\t^ Tp+i (2.54) 
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Proof 



"!)£*(*)=£ E n(^ F -l)(^) (2-55) 

N>k ' X 1 ,..,X N :U j X j =X j = l 

then 



1 N 

(e- p - i)u x )h < e ah e n ii( e_F - ^WHi ^ 



AT! 

.V >/,' X 1 ,..,X N :U j X j =X j 1 

{X^-} overlap conn. 



1 N 
E ah E ^(XOIKe-^ - l)(*i)|| G> i J] ll(e" F - l)(^)l|oo,i (2.56) 



22.70 j\T' 

AT>fc - X 1 ,..,X N :U j X j =X j=2 
{X,-} overlap conn. 



We estimate for X\ C X 



G(X 1 ) < G(Y) (2.57) 

YCX 

and then 



G (y) = J_ / fa 4(i-p)l*)l 2 e «IWI^ < / <fc e - 



^(l-p)\<t>(x)\ 2 e K\\<t>\\ 2 XA , a < 



22.71.1 



< \x\ 



1 



2 



(l-p)|<^)l%*ll^llx,i, CT 



(2.58) 



so that 



22 72 G{Y) < 2\ X \G{X) (2.59) 
also 

1 < 2 |X| (2.60) 

Hence from (2.57)-(2.60) we get 



AT 

^y. 1 ! ^ o 2 \ x \n(v\ ^ n( v\ 

22.74 



G{X{) < 2 2|X| G(X) < G(X) Y[ 2 2|Xjl (2.61) 



Putting (2.61) in (2.56) we get 
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ll(e- F -l)J fc POIki< 
<E^ E 2 2 l^l||(e-^ - IX^OHo,! J! 2 2 '^'||(e-^ - l)(^)||oo,i (2.62) 



22.75 — /-^ _/\T! 

N>k ' X 1 ,..,X N :U j X j =X j = 2 
{X,} overlap conn. 



Since the {Xj} are overlap connected 



TV 

r p (i)<Ur p (i ; ) 



and hence 



22.76 



\\ie- F -Dy\a^ r <Y,^^ E E 

7V>fc ' X 1 ,..,X N :U j X j =X 

} overlap conn. 

JV 

ll(e" F - iX^lkiW^) J] ||(e- F - l)(^.)||oo,ir p+2 (X,) (2.63) 

3=2 

We now estimate the r.h.s. of (2.63) by the spanning tree argument in the proof of Lemma 
5.1 of [BY]. We then get 



||(e" F - l)$ k \\ G ,i,r p < E 0(l) N \\(e- F - l)|| G ,i,r p+3 ||(e- F - l)|lSr p+3 = 

N>k 

22 . 77 = 0(l) fc ||(e- F - l)|| G ,i,r p+3 ||(e- F - 1)11^},^ E 0(1)^"* || (e~ ^ - l)||^ p+8 (2.64) 

N>k 

Now use lemma 2.5.4 and the remark following it 
22.77.1 ll(e" F - l&ll G,i,r p < 0(l) fe ||F|| G)1 , rp+ 3||F||a )rp+3 0(1)^11^11^3 (2.65) 

N>k 

By assumption (2.44) the series converges to 0(1). Hence: 

W(e- F ~ l)£ fc lki,r p < 0{l) k \\F\\ Gtl , r ^\\F\\ k -l r ^ (2.66) 

This proves (2.53). The proof of (2.54) is the same, except that we do not need the estimate 
(2.61), so that on the r.h.s. of (2.54) we have the norm with r p+ i instead of r p _|_ 3 . 

Q.E.D. 
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22.79 



22.80 



22.81 



22.82 



22.83 



22.84 



22.85 



2.6. Lemmas on increments 

Let K, K' be two polymer activities satisfing the hypothesis of lemma 2.5.1, namely 

||^lki,r < 0(e q ) \\K'\\ GXT < 0(e q ) (2.67) 

for some q > and e > sufficiently small. 
Define the increments 

AK = K — K' A(S> k K) = S> k K' - S> k K (2.68) 

Then we have 
LEMMA 2.6.1 
For any integer p > 

\\A(S> k K)*\\ G , hrp < Oil^L^+^s^-^WAKWo^r (2.69) 
with O(l) depending on p. 

Let now F, F' be two polymer activities supported on small sets, such that for every integer 
P > 

\\F\\ G ,i,r p < 0(61) \\F'\\ GXFp < 0(e«) (2.70) 

and 

||F||oo,i,r p < 0(e*) IIF'IU,^ < 0(e«) (2.71) 

for some (/ > and e > sufficiently small. Define increments as before 
We then have 

LEMMA 2.6.2 

||A(e" F - l)|| G>1>rp < 0(l)||AF|| G)1 ,r p (2.72) 

||A( e - F - 1 - F)\\ GA , Fp < 0(l)^||AF|| G)1 , rp (2.73) 

Remark: 
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22.86 



Lemma 2.6.2 remains true if the G-norm is replaced by the L°° norm, by the same proof. 
LEMMA 2.6.3 

Given two activities satisfying (2.70), (2.71), for any integers k > 1 and p > 0, and with 
0(1) dependent on p 

l|A(e" F - l)t k \\G,i,r p < 0(l)M fc -^||AF|| G)1 , rp+3 (2.74) 



l|A(e^ - 1)JJ oo.i.rv < OilW-V'WAFWm^ (2.75) 
We shall only prove lemma 2.6.1, the proofs of lemmas 2.6.2, 2.6.3 being similar 

Proof of lemma 2. 6. 1 

A(S> k K)* = (S> k (K + AK)f - (S> k Kf = 



22.88 



= jf 1 dt^(S> k (K + tAK))* = jf 1 dt (jS>k{K + tAK^j * (2.76) 



From the proof of lemma 2.5.1 we have that 

K^S> k (K) 

is an analytic map between the Banach spaces with norms || ■ ||G,i,r and || • ||G,i,r p respec- 
tively. 
Define 

22 . 89 K(t)=K + tAK (2.77) 

Then S> k (K(t)) is analytic in t. By the Cauchy integral formula 



22.90 



y>k{K{t)) 



1 lAS>k{K{z))\ 



r dz l ~ K ' n (2.78) 
2ni J (z-t) 2 V ; 



where we choose the closed contour 7 in C as follows 

0001 7: z-t = Re ie , 0<#<2tt, R=——^- (2.79) 

22.91 - - ||Aiq G> i,r 

With this choice of 7, and < £ < 1, for 2: e 7 



22.92 



K(z) =K+ [t + —— %. e l "\AK (2.80) 

||^-^||G,i,r 
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Clearly K(z) satisfies the hypothesis of lemma 2.5.1 under the hypothesis (2.68) 



\\K(z)\\ G , hT <0(ei) 
Hence from (2.78) we have the Cauchy estimate 



(2.81) 



d_ 
di 



S> k (K(t)) 



< \\AK\ 



G,i,r p 



G] i 5 r£ y sup 

ze-y 



[S>k(K(z))f 



< 



G,i,r p 



22.94 



< ||AK|| G , 1 ,r £ - 9 snp||K(^)||^ 1)r O(l)^/ 2 +^ < 

267 

<0(l) fc L^ 2+fe V fe - 1 ^||AK|| Gil ,r 

where in the last two lines we used lemma 2.5.1 and (2.81) respectively. 
We use the estimate (2.82) in (2.76) to finish the proof. 



(2.82) 



Q.E.D. 
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§3. Estimates for a generic RG step. Remainder estimates. 



In this section we present the detailed structure of the initial form of the partition functional 
and the form of the activities produced by a RG step. 

3.1. Some manipulation on the starting partition functional 

The starting partition functional zo(A, 0) has the initial expression 

Zo(A,</>) = e- Vo £xp(n) (3.1) 

where the initial activity Vq is 



x Jx 



A, 



A* 



V (X) = g V*(X) =g I dx v*(<j>(x)) = go / dx ( ^ ) e -iH<K*)l' (3.2) 



(3 



with A * - mo)- 

However it is convenient to write (3.1) in a form suitable for iteration as 

e~ Vo Sxp(n +K ) (3.3) 

where initially Kq = 0. 

We want to show that the structure of (3.3) is reproduced also after the generic step of 
RG. We start therefore from an expression of the form 

e~ vw Sxp(n+K) (3.4) 
where in (3.4) the activity V is V = gV*, with g = O(e), and 

< e < L" 10 ^+ 2 ) (3.5) 
with L sufficiently large. The bounds 

||y(A)|| G)1 = 0(e) (3.6) 

\\V(A)\\ 00 , 1 =0(e) (3.7) 
obviously hold. We assume for the connected activity K the following structure 

K = X + r (3.8) 

where X is an activity exactly computed in second order perturbation theory, supported 
only on small sets and satisfying the following bounds 
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||X|ki,r 6 < e 7 ' A (3.9) 

||(5i2)"|| G> i > r<L-^V/ 4 (3.10) 

The structure of X and the above bounds will be given in section 4 devoted to second order 

perturbation theory. 

r satisfies the following inductive bound 

||r|| G ,i,ra <£ 5/2+7? , 0<77<l/20 (3.11) 
As outlined above (see (1.52)) it is convenient first of all to rewrite the partition functional 

e- 9V *£xp{u + K)= Sxp(n + K) (3.12) 

A suitable explicit expression of the connected activity K is provided by the following 
lemma. 

LEMMA 3.1.1 



where 



and, following (1.49) 



K = P + + K + P + VK (3.13) 



p{x)= ,e-W)-l forX = A {3U) 
otherwise 



1 N 

7V>1 Al-Ajv conn. j = \ 



Proof 

e -gV* = JJ (( e -sV.(A) _i) + i) =£ X p(n + P+)(X) (3.16) 
Aex 

e~ 9V *£xp(p + K)= £xp(n + P+)£xp(n + K) (3.17) 
and the proof follows from lemma 1.4.1 

Q.E.D. 
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3.2. Extraction of the second order activities 

It is convenient now to separate out the second order contributions from K. We write 
120 K = Q + f (3.18) 



with 



gV*(A) + ^(V*(A)) 2 + 1(A) for \X\ = 1, X = A 



1.21 



Q(X) = l g - E V,(A 1 )V,(A 2 )+l(X) for\X\=2,X connected ( 3 .19) 



AjUA 2 =-X 

otherwise 



and 



122 f = n + r + P + VK (3.20) 

where IT is given by 



1.22.1 npo = { 



^(K(A)) 3 / 1 rfs(l-s) 2 exp(- S (7V;(A)) for |X| = 1, X = A 

I E ^(Ai, A 2 ) for |X| = 2, X connected ,„ 

Ai,A 2 (O.Z-LJ 



A-, U Ao =X 



Py 3 (X ) otherwise 



with 



a(A 1 ,A 2 ) = -( 7 3 V;(A 1 )(K(A 2 )) 2 / ds(l - s) exp(-a^K(A 2 )) + (Ax ^ A 2 )+ 



o 



1.22.2 



2 -1 

V IT^*^)) 2 / ds ( X " s ) exp(s<7K(A,-)) (3.22) 
1 N 

p > 3 w = E^ E ( 3 - 23 ) 



1.22.3 : ;:'> ' ' jy-j 

7V>3 ' Ai-.-Ajy: conn. j = l 



5. 5. Bound on the remainder r 
We prove now the following result. 
LEMMA 3.3.1 



||r|| G ,i,r < 0(l)e 5 / 2 +^ (3.24) 
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Proof 

In order to prove lemma 3.3.1 let us list some preliminary trivial results: recall first that 
for any polymers X\ , X 2 and for any activity J\ , J 2 



1.23.1 ||Jl(*l)./2(*2)||l < ||Jl(^l)||l||J 2 (^2)||l (3.25) 

(see section 2) 
This implies easily: 

||P(A)||i< 0(1)11^)11! (3.26) 
(trivial, from (3.25) and expansion of exponential) 

ll^(A)||oo,i < 0(1)11^)1100,! < 0(l)e (3.27) 

(from (3.26) and (3.7)) 

ll^(A)|| G ,i < 0(l)||y(A)|| G ,i < 0(l)e (3.28) 

(from (3.26) and (3.6)) 



1.27 



||n(X)|| G ,i < 0(l)e 3 for \X\ < 2 (3.29) 
(from (3.25), (3.7) and (3.6)) 

To give a bound on P + and on P> 3 we use lemmas 2.5.4 and 2.5.5 and we obtain 

ll^ + lloo,i,r < 0(1)£ 9 / 10 (3.30) 

and 

ll^ 3 ll G ,i,r<0(l) £ 27 / 10 (3.31) 
Therefore we have, using (3.31) and (3.29) and again the smallness of s (3.5) 

||n|| G>1>r < O(l)£ 27 /io < * L -i e */*+* (3.32) 

Finally we consider P + V K. By definition of V and using the [BY] spanning tree argument 
we obtain 

||P + VK|| G ,i, r < J2 (0(l)) N+M \\P + C,i,r 3 \\K\\^i,r 3 0-33) 

N,M>1 

Note that from (3.8), (3.9) and (3.11) it follows that 

H^lkiTs < £ 7/4 (3.34) 
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Then from (3.30) and (3.34), and summing the series, we obtain 



!.3 9 \\P + V K\\ GA , r < O(l)e 9 / 10+7 / 4 < s 5 /^ (3.35) 
Putting toghether (3.11), (3.35), and (3.32) we obtain (3.24) 

Q.E.D. 

Finally it is useful to note 
LEMMA 3.3.2 

||£|| G ,i,r < 0(l)e 9 / 10 (3.36) 

i.4o.i ||K + ^|| G , 1 ,r<0(l)£ 7 / 4 (3.37) 

The proof is simply obtained by the definition of K (3.18), by the estimate (3.6) with the 
smallness of e, by (3.9) and by the lemma 3.3.1 above. 

3.4. The action of RG 
Reblocking-rescaling 

The connected activity K is given by (3.18), (3.19), (3.20). It is convenient to separate 
out the second order term X from Q. So we define Q(°\X), supported on connected sets 
\X\ < 2 by: 

' -gV*(A) + 4(^*(A)) 2 for \X\ = 1, X = A 
Q(°)(X)=K E K(Ai)K(A 2 ) for \X\ = 2, X connected (3.38) 



1.41 



1.43 



1.44 



Al,A 2 
A 1 UA 2 =X 

otherwise 
Now it is easy to see that we can express the reblocked-rescaled activity SK as: 

SK = S X Q^ + g 2 S 2 {V,) + Si J + S x r + r (3.39) 

where 

f = S> 3 K + S 2 (K + gV*) + S 2 (gV*, K + gV*) (3.40) 

Remarks 

1) In (3.39), (3.40) V* is supported on single blocks. 

2) Si is the linearized reblocking-rescaling, S 2 is the quadratic part of S and S> 3 stands 
for S — Si — S 2 . In the last term of (3.40), the quadratic reblocking sum has for each term 
one factor gV* and the other k + gV*. 
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3) Note that r is formally of 0(e 3 ). We shall estimate it after performing the fluctuation 
integration. 

Fluctuation integration 
We have 



1.45 

Then 



imr * £xp{u + SK) = £xp(n + (SK)*) (3.41) 



146 (SK)* = -gL e V* + 9 ^{JZQf + (SiZ)" + (S^+r* (3.42) 

where V* above is again supported on single blocks and the connected activity Q is sup- 
ported on L polymers LZ such that \Z\ < 2 and has the following expression 

Q(LA) = (V*(LA)) 2 

147 Q(LAULA') =K(^A)V;(LA / ) + (A^ A') (3.43) 

The first three terms of (3.42) are contributions up to second order in perturbation theory. 
They will be treated in more detail in the next section. 

Preliminary extraction 

It is convenient to extract the first order term and to rewrite our partition functional in 
the following way 

148 £xp(n+(Sk)t)(L- 1 A) = e- LS9V * iL ~ lA) £xp(u+k)(L- 1 A) (3.44) 
where the activity K is described by the following lemma 

LEMMA 3.4.1 



1.49 

where 



K = (SK) * + P+ + P+ V (SK) * (3.45) 



e L£ 9 V *( A )-1 forX = A 



140 1 P= ( 3 - 46 ) 

1491 I otherwise 

Proof 
By (3.44) 



1.50 



£xp(n + K) = e L£gV *£xp(n + (SK)*) (3.47) 
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Then (3.45) follows as in lemma 3.1.1 

Q.E.D. 

We now isolate out the terms proportional to g and g 2 in (3.45). Introduce the notation 
P(<2) (t° be distinguished from P< 2 ) to represent the sum of contributions proportional 

to g and g 2 in P + . Clearly 



1.51 ± (<2) 



L s gV*(A) + |L 2 V(K(A)) 2 for \X\ = 1, X = A 
P+ (X) = \ 1 L2S 9 2 E K(Ai)K(A 2 ) for \X\ = 2, X connected 



*2 

A[UA 2 =X 



otherwise 



Note also 



{-L 2e g 2 (V*(A)) 2 {ot\X\ = 1,X = A 

-L 2e 9 2 a E K(A0K(A 2 ) for |X| = 2, X connected 
otherwise 

(3.49) 

Adding (3.48) and (3.49) we get 
!. 53 (P + + P + V (5^)") ( < 2) = L £ gV* - h 2s g 2 Q (3.50) 

with V* supported on single blocks and Q defined in (3.43). Hence returning to (3.45) we 
obtain 



K = 9 — J ds^RjQ) 8 * + (SiJ)* + (5if)^ + + f (3.51) 
where the new remainder f is 



f = (P+ - P+ 2) ) + (P+ V (Sif) h - (P+ V (SK)*)< 2 (3.52) 

.Remarks 

1) f is formally 0(e s ) and toghether with needs no further extraction. Their norms will 
be estimated in the following subsection 3.5. 

2) K needs further extractions, namely from first and third term in (3.51). The first 
extracted term, denoted Fq, is the perturbative relevant part of the first term of (3.51). 
It will be computed explicitely in the following section 4, and its irrelevant part will be 
J. Note that in section 4 it will be also proved that (SiT)^ needs no extraction, since its 
norm, by exact computations, goes down by a contracting factor. The second extracted 
term, denoted F?, is the relevant part of (Sif)^. Althought f is 0(£ 5 / 2+T? ), an extraction 
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has to be performed because the linear reblocking for small sets produces a factor L , and 
therefore a contractive factor has to be obtained. This extraction, and the control of the 
obtained remainder, will be the subject of section 5. 



3.5. Bounds on irrelevant remainders 
We prove now the following results. 
LEMMA 3.5.1 



l|r|| G ,i,r p < L-^e^ (3.53) 

Proof 

The first addend of f, namely the term (P + — -P^ 2 ))' nas ^ ne same form as IT in (3.21) 
with V* substituted by — L e V*. Therefore, since L e = O(l), one can obtain the bound 

(P + ~ Pf< 2) ) < L-hW+o (3.54) 

along the same lines as for n. To control the term (P+ V (SK)^ - (P+ V (Sk)^)< 2 it is 
enough to estimate P£ 2 V (SK)^ and P V (S(K + gV^. We have 



\\P^y{skn GXTp < £ (^i))^!!^!!^,!,^!!^)^^!,^ (3-55) 

N,M>1 

By lemma 2.5.1 and using the fact that from the condition of the smallness of e (3.5) and 
D — 1 it turns out L < e -1 / 30 we have 



IK^II^rWs < 0{l)LV*L D \\k\\% 1>r < L 2 e^ < e^~ 2 ^ < (3.56) 
It is easy to see, as in the proof of (3.31), that 

i.60 ll-P>2llG,i,r P +3 - £l8/1 ° ( 3 - 57 ) 
This gives 

||P+ V (5^)"|| G , 1>rp < e 26/W < L~ 1 e 5 / 2+v (3.58) 
We obtain in the same way 

162 ||P V (S(k + gV^\\ GXTp < O(l)e 9 / 10 e 7 ^L D +^ 2 < L 2 e 53 / 20 < L~ 1 e 5 ^ 2+V (3.59) 
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1.63 



From (3.54), (3.58) and (3.59) we obtain the lemma. 

Q.E.D. 

LEMMA 3.5.2 

\\?Hg,i,t, < L-V*e*' 2+ * (3.60) 
Proof 

f is given in (3.40). There are three terms. By lemma 2.5.1 the contribution of the first is 
bounded by 

ll(<S>3K)^|| G)1 , rp <0(l)^/ 2 ^||K|| 3 G5l5r < 

1 64 < ^!^! £ 27/10 < l £ 27/10-4/30 L -/3/2 < I L -f}/2 £ 5/2+r, ^ m) 

3 3 3 

From the second, by lemma 3.3.2, we get 

\\(S 2 (k + <7K))*lki,r p < 0(1)L^ +2D \\K + ^*|| G ,i,r< 

< ^!l^! e 14 / 4 < Il-/3/2 £ 14/4-1/10 < I L -/3/2 £ 5/2+^ ,3^ 

1.65 3 - 3 - 3 v ) 
whilst from the third we obtain 

IK^G^V*, K + gV^Wci^p < 0(l)L /3 / 2+2 - D ||K + <7V*||G,i,r||^||G,i,r < 

< ^!Z^! e 7 / 4 e 9 / 10 < I L -/3/2 £ 53/2o-i/io < I L -/3/2 £ 5/2+, (3 63) 

1.66 - 3 ~ 3 - 3 v ' 

summing (3.61), (3.62) and (3.63) we obtain the proof. 

Q.E.D. 
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§4. RG step to second order. Relevant and irrelevant terms. Estimates. 



4-1. The starting second order activity 

In this section we consider the contribution to the partition functional up to the second 
order 



21 £xp(n + K< 2 ) = £xp(n + Q) 

As we showed in (3.19) the second order activity Q is given by 



(4.1) 



2.2 



9 2 



Q{x) = I 



-2K(A) + y(K(A)) 2 +X(A) 

9_ 2 
2 



for \X\ = 1, X = A 
V- V*(A 1 )V*(A 2 )+I(X) iov\X\ = 2,X connected 



A, UAo=X 



lo 



otherwise 



(4.2) 



It is convenient in the following computations to use the obvious representation 



2.2.1 



d d k 



x v d/2 . 



(4.3) 



The irrelevant second order activity T{X) = T k (X) depends actually on the number k of 
iterations of RG so far performed. We assume here inductively that Tq{X) = and for 
k > 1 



2.2.2 



l k {X) = Y J 9l-MX) 



(4.4) 



i=i 



In the above g = g k and we assume inductively that gj = 0(e) for all < j < k. 
We will see in a moment that the action of RG will give us an irrelevant second order 
activity of the form X k+ i(X). The activities %(X) are supported on polymer X such that 
|X| < 2, and are defined by the following expression: 



- Me 1 ( ^ \ / ' ■ ^ 



2.3 







1 J d 
dt-e W 



2X 



-(k,Ii(s,t)k) + i(h ■ (f>{x x ) + tk 2 ■ (0(x 2 ) - </>(xi))) 



(4.5) 
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ds— / d D xi / , 
dsJ A V (2yrA*) d / 2 y A , 



d d /ci f ,n f d d k 2 
a X2 



2.4 



1 , 5 

eft— exp 
at 



2\, 



■(k, I t (s, t)k) + i(fci • 0(xi) + tfc 2 • (0(x 2 ) - 0(xi))) 



+ (A#A') (4.6) 



2.4.1 



where fe = (fci, fc 2 ) and 



with 



1 -tCi(s) 
-*d(s) 2 + (1 - t 2 )^ir(x 2 - xi)] 



(4.7) 



(1 - sT(L( l - 1 \x 2 - xi))) + ^4 r(0)- f(LP(x 2 - xO) 

p=0 



where the sums over p are void if I = 1, and with 



2 . 18 . 22 Dif (x 2 - X!) = L jl3 [f (0) - f ((x 2 - xi)/Z^)] 

Note that Dif(x) > and that the series converges by virtue of the estimate 



(4.8) 



< L j/3 (T (0) - T(x/L j )) < OWL-U-W-ft \x\ 2 

We will compute explicitly in the rest of this section the evolution of these terms under 
RG transfomation. 



4-2. Reblocking 

First we consider the reblocking of Q up to the second order: it is easy to see that 
(BQ)(< 2) (LZ) = E ®W + \ E Q{X X )Q(X 2 ) = 



X 

X = LZ 



x l< x 2 dis J 
X-^ overlap conn. 
X 1 UX 2 =LZ 



2.5 



= E + 5 E nAi)nA 2 ) 



(4.9) 



X 

X = LZ 



Ai,A 2 disj 
A ^ , A2 overlap conn. 
A 1 UA 2 =LZ 



This gives, in the case |LZ| = 1, i.e. Z = A, 
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2.6 



2.7 



(BQ) ( < 2) (LA) = — V(LA) + Y^L + £ Jfc(X ) (4.10) 



X = LA 



2.7.1 



2.7.2 



while, for \Z\ = 2, i.e. Z = (A U A'), 



(BQ)(< 2) (L(A U A')) = + F(LA) 2 T/(LA/) + (A ^ A') + J fc (Ax U A 2 ) (4.11) 

where in (4.11), since D = 1, Ai C LA and A 2 C LA' are uniquely defined by the fact 
that they have to be overlap connected, and therefore the relation Ai fl A 2 = LAflLA' has 
to be fullfilled. No symmetrization is necessary in A l5 A 2 because Xfc(Ai U A 2 ) is already 
symmetrized. Note that, exploiting the compactness of the propagator F, the reblocking 
for the irrelevant activities X^ can be written in the following form 



MX) = Bl k (LA) = J2d-iBli(LA) (4.12) 

_ x i=i 

X = LA 

k 

J fc (A! U A 2 ) = Bl k (L(A U A')) = J29l-M(L(A U A')) (4.13) 



i=i 



with 



Bl l( LA) = L* 1 - 



d ,1 



ds dS 



LA 



(27TA*) d / 2 



2.7.3 



I 



1 J d 
cft-exp 



2X, 



■(k, Ii(s,t)k) + i(h ■ 4>{x\) + tk 2 ■ {4>{x 2 ) - 4>{xi))) 



(4.14) 



Sf,M. U A'))) = L-i (£) * » / ^ / 



(27rA,) d / 2 



1 J 9 
eft-exp 



(k,Ii(s,t)k) + i(ki ■ 4>(xi) +tk 2 ■ ((p(x 2 ) - 4>{x\))) 



2.7 .4 



+ (A ^ A') 

(4.15) 



^.5. Rescaling, integration and preliminary extraction 



Now we rescale and we integrate the fluctuating field and we obtain immediately (3.42) 
up to the second order in g: 
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(5Q)j< 2) (A) = -gL e V* + \(TlQf + (SiJ*)" 

where the V* is supported only on single blocks and Q is defined by 

Q(LA) = (V*(LA)) 2 
Q(LA U LA') = V*(LA)V*(LA') + (A ^ A') 



(4.16) 



(4.17) 



Following again section 3 we obtain for the contribution up to the second order K( 2 ) of 
the activity K defined in (3.51) the following expression 



^( 2 ) = |- jf rf S -(^Q)^ + (5i2)" = + (5^)* 
where, using (1.57) and the representation (4.3) we have 



(4.18) 



K () (A) = L 2e ^— ( { Cds^- [ d D x, f f ^ ^ 2 



g 2 fK\ 



2^) J U *dSj A U (2^A^//^ 2 /(2^^ 



^ s ^r(C)exp 



N 2 + \k 2 \ 
2A* 



+ i {h ■ (c(xi) + ^(xi)) + fc 2 • (CM + </>M)) 



(4.19) 



a x 2 



(27rA,) d / 2 J A , Z J (27rA*) d / 2 



d d ko 



I 



|fci| 2 + \k 2 
2A* 



+ i{h- (CM + <f>( Xl )) + k 2 ■ (CM + <PM)) + 



+(A ^ A') (4.20) 



(4.19), (4.20) are obtained writing Q in terms of the representation (4.3) and performing 
the change of variables k — > L _/3 / 2 /c, x — > Lx. 

The gaussian integral with respect to the measure fJ,-R,r(s) appearing in (4.19), (4.20) is 
easily done: 



9 2 ( A*\ 



d ,1 



5 



d x 2 



(27rA,) d / 2 7 A V (27rA*) d / 2 
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2.13 



exp 



2A, 



■(k, <Jik) + i(ki ■ 4>(xi) + k 2 ■ 4>{x 2 )) 



(4.21) 



K (AUA')=L 



2 \2ir J J ds 



ds — / d 



/d d k\ f f 
wx^L dDx2 J 



d a k 2 



(27rA*) d / 2 



2.14 



exp 



2A ; 



■(k, (Tik) + i(ki ■ 4>(xi) + k 2 ■ 4>(x 2 )) 



+ (A ^ A') (4.22) 



where the matrix o\ is given by 



2.15.1 



( 1 sT(x 2 -xi) 
\sT(x 2 -x 1 ) 1 



(4.23) 



In order to extract the relevant part from (4.21), (4.22) it is useful to perform the following 
change of variables ki — > k\ — k 2 , k 2 — > k 2 obtaining 



2e9 2 (K\ d f\d 



Kq(A) = L 1 ^- ( £ ) / ds^- I d u x x 



2 \2ir J Jo ds 



d d k x 



dP x 2 



(27rA*) d / 2 J A 'J (27rA H ,) d / 2 



d d fc 2 



2.16.1 



exp 



2A ; 



■(k, Toxk) + i(h ■ (f>{xx) + k 2 ■ (</>(x 2 ) - (j>{xi))) 



(4.24) 



Kq(AuA')=L 



2e9 2 ( A 



2 V27T 



(27rA,) d / 2 y A , V (27rA,) d / 2 



2.17.1 



exp 



2A* 



(fc, Ta t k) + i(h ■ (f>( Xl ) + k 2 ■ ((f>(x 2 ) - (p(x 1 ))) 



+ (A ^ A') (4.25) 



where the matrix Ta± is given by 



2.18.1 



Tcr i 



1 -(1 - sT(x 2 - xi)) 

-(1 - sT(x 2 - xi)) 2(1 - sT(x 2 - Xl )) 



(4.26) 



In order to give the explicit expression of (SiXk)^ and to prove the iterative form of Xfc 
(4.4) it is useful the following lemma 

LEMMA 4.3.1 



2.16.2 



(4.27) 
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Proof 

Let us write the proof for the single block contribution only. The proof for the couple of 
adjacent blocks is identical. Integrating and rescaling (4.14) we obtain 



(S 1 T l )\A,<f>) = ((B 1 T l )*)(LA,K<l>) 

d d h 



= L 2leh^ )d f 1 d d f d D f 

2 v 2tt ; J dsJ LA 'J 



d D x 2 



{2-KKy/zJ LA ~ ~*J (27rA,) d / 2 ' 

/ >1 ^^ e -^( fc .^( s .*) fc ) e i ( fc i- i/3/2 ^( ;E i/ i )+* fc 2-L /3/2 (^(x 2 /L)-^(x 1 /L))) e -i(fc,r(t)fc) 
Jo dt 

with the matrix T(t) given by 



F(t) 



r(o) 



-t(r(o)-r(x 2 -xi)) 



-t(T(0) - T(x 2 - xi)) 2t 2 (T(0) - T(x 2 - xi)) 



Adding A* 1 Ii(s,t) and r(£), performing the change of variables and some elementary 
manipulations, and k — > L~^/ 2 /c, x — * Lx we obtain the proof. 

Q.E.D. 



4-4- Extraction 

Now we define the relevant part Fq(Z 7 <fi) = CKq(Z, 0) in the following way 



<7 2 /A 



2 V 2tt 



o 



(2yrA*) d / 2 7 A 



d D x 2 



d d fc 2 



(27rA,) d / 2 



2A ; 



-(fc, + • 0(xi)) 



(4.28) 



£^(AUA',^) = L 



2e 



<7 2 /A 



2 V27T/ . /A 



dP x\ 



(27rA,) d /- JA 



d D x 2 



OS 



2A ; 



■(fc, Rik) + i(k! ■ 0(xi)) 



(2yrA*) d / 2 
+ (A # A') (4.29) 



where the matrix R\ is given by 



1 







2[l-sr(x 2 -xi) + Dir(x 2 -xi)] 



(4.30) 
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It is convenient to perform the gaussian integral in the fc's variables obtaining for (4.28) 
and (4.29) the following expression 



2.18.3 



2.18.4 



[2(1 - sT(x 2 - xi) + D 1 f(x 2 - Xl ))]- d / 2 e-^ x ^ 2 (4.31) 

[2(1 - sT(x 2 - xi) + D 1 T(x 2 - Xl ))]- d ' 2 e-^ x ^ 2 + (A ^ A') (4.32) 

Following [BDH2] , we want to write Fq(Z,4>) in terms of the sets where the dependence 
from the field is localized. In other words, we want to write the decomposition 

Fq(Z,<P)= J2 F q( Z ' A ^) (4-33) 



2.17 

AcZ 



2.18 



where in Fq(Z, A, <p) appear only fields defined in A. The explicit expression for the 
relevant contribution Fq(Z, A, 0) is therefore 

Fq(Z,A,0)= / ^ 1 ^(0(x 1 ))/ (5 (Z,A) (4.34) 



where 



219 /o (A,A) = L 2e ^^ ^^2^ ds-^[l-sT(x 2 -x 1 )+D 1 T(x 2 -x 1 )]- d / 2 (4.35) 

/q(A U A', A) = L 2e ^ ^ J dx 2 jf 1 daj^l - S F(x 2 - xi) + ,Dir(x 2 - a^)]^/ 2 

2.20 ( 4 -36) 
By definition 

V£ o (A,0) = - £ Fq(Z,A,0) = - /" cfa lW .(0(xi)) ^ /g(Z,A) = 



ZD/ 

\Z\<2, conn \Z\<2 



2.21 



'A 
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/ dx 1 ^(0(x 1 ))/ <5 (A,A) (4.37) 

V A 



where 



2.22 JQ 



/o(A,A) = L 



2e 



9 2 fX 



2 V4tt 



) W„ 



ds^[l - sf(x 2 - xi) + D 1 T(x 2 - xi)] _d/2 (4.38) 



2.22 



and we have used the fact that T(y) vanishes for \y\ > 1. Now we can use the translation 
invariance for /q(A, A, 0) and we obtain 



, ^.(A,0) = -K(A,0)L 2£ ^^ d y ^^^[2(1-^) + ^^))]-^ (4.39) 



and therefore 



2.23 



y'(A, <f>) = L £ gV*(A, <f>) + V' (A, <f>) = (L e g - b l9 2 )V*(A, <f>) 



(4.40) 



with 



2.24 



h = J dy jf 1 cfej^l - sf(y) + D 1 T(y)]- d / 2 (4.41) 

In order to give a good estimate of b\ we have to study the behaviour for short distances 
of the covariance F. 



4-5. Asymptotic behaviour of the propagator V 

The asymptotic behaviour for small \y\ of T(y) is described by the following lemma 

LEMMA 4.5.1 

For 1/i < ?/ < 1/2 we have 



11.10 



O(l)/<|f(0)-f(y)|<O(l)/ 



(4.42) 



Proof 



f (0) - m = -L-"A, jf ' dtfu' = -/A, 

we have therefore to show that in the region 1/L < y < 1/2 



* Z 03-D f'dtu'fU =0(1) 

l/Ly ' </0 V* 
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We observe first that 



dl jl^-V I dtu' 1 ' 



1/Ly 







'l/Ly " JO 

To obtain the upper bound we bound 



dtu' 



< 0(1)1 for / < 1 

< 0(1) for I > 1 



therefore 



l/Ly 



dl_ 
T 



V f 1 dtu' 
Jo 



<0(1) 



l/Ly 



d lf + f 1/V 
I ./i I 



<0(1) 



The lower bound is obtained simply observing that since u'(x) < for all x > the 
integrand has always the same sign, and therefore 



1/V dl l^ C dtu' (t 



l/Ly 



I 



1 I 



dtu 



1/2 



0(1) Q.E.D. 



It will be useful in the following to define the quantity 



ii.il 



i(L,e)= f'dyil-m + D^y))-^ 
Jo 



For such quantity we have 



LEMMA 4.5.2 



(4.43) 



11.12 



a(L,e) = O(lnL) 



(4.44) 



Proof 

First observe that from (4.8) and the remark following it we have 
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< £>if (y) < 0(1) \y\ 2 

Write 

~a(L,e)= f 1/L dy(l-T(y) + D l T(y))- d / 2 + f dy(l - f (y) + D 1 T (y))" d / 2 = 

JO Jl/L 

= a<(L, e) + a>(L, e) 

Now we can estimate a<(L,e) simply observing that 1 — f (y) > L _/3 and Dif (y) > 

a<(L,e) < L^ /2 (l/L) = L" e < 1 

a>(L, e) is estimated using lemma 4.5.1 the dominant contribution coming from the region 

l/L < y < 1/2. 

Write 

~a>(L,e)= [ dy(L-? + T(0) - T(y) + D 1 T(y))- d / 2 

Jl/L 

Then we have 

5>(L, e) < / rfy(L"^ + f (0) - f (y))" d / 2 < 

Jl/L 

< f 1 dy(L-f 3 + 0(l)yf 3 )- d / 2 

Jl/L 

where in the last step we have used Lemma 4.5.1 
On the other hand, 

a>(L, £ )> f dy(L-? + f (0) - f (y) + O(l) |y| 2 )" d / 2 > 

Jl/L 

> f dy(L-f 3 + 0(l)y> 3 + 0(l)\y\ 2 ))- d / 2 > 

Jl/L 

> f 1 dy(L-P + 0(l)yP)- d/2 

Jl/L 

where in the last step we have used \y\ 2 < y@ in the region of integration since {3 is positive 
but very small. 
Hence for large L, 

a>(L, e) = 0(1) ^ ^ = 0(l)i(l - L~ s ) = 0(1)^^L" £ = O(lnL) Q.E.D. 
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4-6. Second order coefficient of the relevant part 
bi is controlled by the following lemma. 



LEMMA 4.6.1 



h = O(lnL), h > 

Proof 

That b\ > follows from its definition. Note that the function whose s-derivative is to be 
taken is is independent of s for y > 1 since in this region f (y) vanishes. This together with 
the evenness of f (y) implies for e sufficiently small 

6i = 0(1) J dy J ds-^(l - sf(y) + D 1 T(y))- d / 2 = 

= 0(1) I dy{l-T{y) + D x ?{y))- d '*-0{l) f dy{l + D 1 T ( y ))~ d / 2 
Jo Jo 

Since < DiT(y) < 0(l)y , the second integral is bounded by 0(1). The first integral is 
estimated by Lemma 4.5.2 and we are done. 

Q.E.D. 

From lemma 4.6.1 and the definition (4.31), (4.32) it is immediate to show that 
LEMMA 4.6.2 

||*blki,r p < 0(l)e 7 / 4 ||^||oo,i,r, < 0(1)£ 7/4 
for any integer p > 1, with O(l) depending on p. 

4-7. Second order irrelevant part 

From the explicit expression of Kq given in (4.24) and (4.25) and of Fq given in (4.31) 
and (4.32) we obtain 



(K -F )(A)=L^ 9 4(^ 



2 V27T 



d ,1 



d 



ds— I d D xi 

OS 



d d h 



(2n\*y/z J A 



d D X2 



I 



1 J 9 
at — exp 
dt F 



2X„ 



■(k, h(s, t)k) + i(fci • (f>{xx) + tk 2 ■ ((f)(x 2 ) - (f>(xi))) 



d d k 2 
(2yrA*) d / 2 

(4.45) 
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I 



1 J d 

at— exp 
dt F 



2A, 



■(fc, 7i(s, + • (p(xi) + tk 2 ■ (0(^2) - 0(^i))) 



2.26 



+ (A ^ A') 

(4.46) 

Therefore (.Kg — Fq) = g Ii, and by lemma 4.3.1 the induction on (4.4) is proved. 

The bounds (3.9) and (3.10) are now easy consequences of the following lemma 4.7.1, 

lemma 4.3.1 and the smallness of the coupling constants ( stated after (4.4)). 



LEMMA 4.7.1 

For any positive integer p > 1 and with 0(1) p-dependent 



2.27 



|2ilki,r„ < (l)L^' 2 L 2 ^ 



(4.47) 



2.28 



\\Ti\Ui,r p <0(l)L^- l ^L^ D +^ 



(4.48) 



Proof 

We perform first of all in (4.5), (4.6) the gaussian integral in the k variables and we obtain 

2Je i r 1 . a r 1 . a 



2.29 



d D xi I c^a^exp 

A J A 



—K^li^t)- 1 ^) 



(det I,(M)) _d/2 (4.49) 



2.30 



J; (A U A') =L 2l£ 



1 A,y f\a f 8 



/ d D Xl [ d D 

J A J A' 



X2 exp 



^A*(0,/,(s,t)-V) 



2 \2tv J J ds Jo dt 

(det Ii(s,t))~ d/2 + (A ^ A') (4.50) 



where = (0(xi), 0(x 2 ) - <K#i)). 

Then we observe that the derivative with respect to s produces a factor f (L( z_1 ) (x 2 — 
and due to the compact support of the covariance this implies that 



\%(X)\<L 2le 



d D xi I d u x 2 2 sup 

A JSi 0<s<l 





f , 9 




2.30.1 


L dt ai 


exp 



2 \2tt 
~X*(</>, I/(s,t) _1 ( 



J-D, 



(detI,(M)) _d/2 



(4.51) 
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where 5i = {x2 '■ \x2 — xi\ < L " 1 )} 
Then we consider the derivative 



2.31 



d 



-^A*(0,J,(M)-V) 



(detl l (s,t))- d / 2 



(4.52) 



We will denote h = -§i det 7/(s, t) and we compute explicitely the inverse matrix 7/(s, t) 1 : 



2.33 



/j(M) -1 



1 



det 7/(s, t) 



Jl(s,t) 



with 



2.34 



Ms,t) = 



2 [C l (s) + (l-t 2 )D 1 T(x 2 -x 1 )} td(s) 
tats) 1 



obtaining for (4.52) 



(4.53) 



(4.54) 



d 



(det Ii(s,t)y 



-d/2 



e 2 



2.35 



(det /,(*,*))<*/ 



2+1 



A* ((j>,Ji(s,t)(j>) ,, /0 A ( x * d (A rf + NJA 

J < 1 il^M ~ (d/2) J ~ U J/( ' )0) 



In order to bound (4.55) we compute first of all explicitely 



(4.55) 



2.35.! det Jz(s, t) = 2 [C/(s) + (1 - t^Dif (x 2 - xi)] - £ 2 (C/(s)) 2 

and we list some preliminary useful bounds: 



(4.56) 



2.36 



exp 



1 



A*(0,J,(M)~V) 



Proof of (4.57) 

From (4.53), (4.54) it is easy to see that 



where 



(4.57) 



E 1 



1 




Il(s,t) 



-l 



1 A 2 C ; (s) 2 tCi{s) 



det Ii(s,t) V 1 



and the proof follows since Ii(s,t) 1 is positive definite. In fact the displayed matrix is 
manifestly positive definite and from (4.60) below det//(s,t) > 0. 
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0{l)L~ pl for \x 2 -xi | < L~ l 

Q(s)>{ (4.58) 
0(l)|x 2 - xtf for L" 1 < |x 2 - xi | < L~ l+1 

Proof of (158) 

The first summand in the definition (4.8) of C/(s) can be bounded by 



(1 - sT(L( l - 1 \x 2 - xi))) f Q(1)L-^ for |x 2 -xi| < L" z 

L^- 1 ) - \0(l)|x 2 -xi|^ for L" z < |x 2 -xi| < L" z+1 

repeating the proof of lemma 4.5.1. The second summand is positive. Thus (4.58) is 
proved. 



2.37.1 



< Ci{s) < 0(1)L-M-V for \x 2 - xi| < L" m (4.59) 



and O(l) = 1 for / = 1 

Proof of (4.59) 

We first observe that 

n < (l-sr(L(^)(x 2 -x 1 ))) 

which is trivial 

Then we observe, by a simple Taylor expansion 

0<f(0)-f(x) <0{l)\x\ 2 lP-& 

obtaining 



o < m - F( g^ - a» < od)!^ - 

and for \x 2 — x\ \ < L~ l+1 we obtain 

< r(o)-r(L^2-xi)) < L _ /3(Z _ 1)L _ (2 _ /3)(Z _ P _ 2) 

This proves the convergence of the second sum in C/(s), and the fact that the sum is 
dominated by the therm with p = I — 2, giving the proof of (4.59). 

0{l)L~ pi for \x 2 -xi| < L" z 

2.38 detl,(a,f)>< „ , (4.60) 



0(l)|x 2 - xi^ for L~ l < \x 2 - xi| < L"' +1 
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Proof of (4.60) 
We note that 

D 1 f(x 2 -x 1 ) > 

so that 

det Ii(s,t) > C l (s)(2-Ci(s)) 
Now the proof follows from (4.58) and (4.59). 

| J t | < 0(1)L- 2 M-V for \x 2 - Xl \ < L~ l+1 (4.61) 

Proof of (4.61) 

Differentiate (4.56), then use (4.59) and 

< D 1 T{x 2 - xi) < 0(l)|x 2 - xi| 2 
which follows from (4.58) and the remark following it to obtain the proof. 

|(0, J / (s,t)0)|<O(l)L-^- 1 )e^/ 2 )^ll?^e^ A *^/ 2 )l^ :Bl )l 2 for \x 2 - x x \ < L~ l+1 (4.62) 
Proof of (4.62) 

From the explicit expression of Ji(s,t) (4.54) it is easy to find the following bound 

!(</>, Ji(s,t)<p)\ < O(l)|0(xi)| 2 (Ci(a) + D 1 T)+ 

+0(1) [^(^ON^Xs) + |0(X 2 ) -^,(X!)| 2 ] 

Then from the mean value theorem and Sobolev embedding we bound 

\<p(x 2 ) - <p(xi)\ < \x 2 - Xl|||0||l jfT) X 
Finally, since k and p are small but 0(1), we have 

Uh,a,x < 0(l)e^Ml^ \<f>( Xl )\ < 0(l)e^ A *W 4 )l<^)l 2 
and we obtain 

|(0, Ji(s,t)</>)\ < 0(l)((Ci(s) + Dif ) + \x 2 - Xl \)e^ 2) ^l^^e^ x *^ 2) ^ Xl) \ 2 

that gives the proof of (4.62) by (4.59) and the estimate on Z^f given in the proof of 
(4.61) . 
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d_ 
di 



(<f>,Ji(s,t)<f>) 



< 



< 0(l)L-^+ 1 )( / - 1 ) e («/ 2 )^llt-- e ^W2)|^ 1 )l 2 for < | X2 _ Xl \ <L~ l+1 (4.63) 

Proof of (4.63) 

We start from the bound 



d_ 
di 



(</>,Ji(s,t)<l>) 



< O(l)(a(s)|0(a;i)||0(x 2 ) - (j>{ Xl )\ + D 1 T(x 2 - xi)|0(xi)| 2 ) 



then we proceed as in (4.62) and we obtain the proof. 

Using the bounds (4.57)- (4.63) it is now an easy task to bound the explicit expression 
(4.55). We have, defining g PjK (X,(f)) by 



G p ,k{X, 4>) = J dxxg^kix!, X, 0) 



the following bound 



d 



■-A*(0,/,( a ,t)-V) 



(det Ii(s,t)) 



-d/2 



< 



for 1x2 — xi I < L~ 



< 



i (l)L^ d /^L-^ l -^ gp A Xl ,X,<p) 

\o{l)\x 2 -x 1 \-^ 2+ ^L- z ^ l -^g p ^{x 1 ,X,(fy for L~ l < |x 2 -xi| <L" Z+1 



(4.64) 



Now we come back to (4.51) and obtain 



|x,poi<o(i) 



/ dyL^ d / 2+ ^L- 3 ^G p , k (X, 4>) + 
Jo 



-i+i 



L- 1 



dy\y\-K d /WL-W l -»G Pik {X,<» 



< 



<0(1) 



.£,-« + ! 

L l(pd/2-l) L -/3{l-3) + / rf2/ | y |-/3(d/2) L -,3(«-3) 



G p , k (X,<l>) (4.65) 



Observe that (3 (d/2) = 1 — s. We obtain for the integral in (4.65) ,for £ sufficiently small, 



/ dyM - "^ = -L" Ze (L £ - 1) = O(lnL) 



(4.66) 
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Hence we have 

\\1i(X)\\g<0(1)L^-W 2 (4.67) 
Evaluating the functional derivative D%{X) we obtain the same bound, so that we have 

< 0(1)L^-W (4.68) 
and we obtain finally the lemma by the smallness of the set X. 

Q.E.D. 
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§5. RG action on the remainder. Relevant and irrelevant terms. Estimates. 

This section is devoted to the activity {S\r~Y, which we encountered earlier in (3.51) of 
section 3. We need to extract relevant terms from the contributions from small sets. We 
define the relevant and irrelevant terms and give suitable bounds. We also control the 
remainder contribution to the flow of the effective coupling constant. The contributions 
from large sets of course need no subtractions since we easily obtain a contractive bound 
for them. 

5.1. Linear reblocking, small set contributions 
Let X be a small set. We can write 

I I J X 

and define 

r*(X,(/>(x),(/>) =e( x */ 2 ^^ 2 f(X,<p) (5.2) 
where x is the midpoint of the polymer X. We have therefore 

f(X,<f>) = j— I dxie _(A * /2)l * (s)l V*(X,0(x),0) (5.3) 

I I «/ X 

Now we consider the contribution to the linear reblocking of the activity f restricted to 
small sets, denoted by f ss . We have 

B 1 &- a -\LZ,<j>) = Tx\l dx ^~ {K/mm ^*i X ^^)^) ( 5 - 4 ) 

X small sot I \ J X 
X = LZ 

and after rescaling and convolution integration, using the master formula in Lemma 1.3.1, 

(^*(<s 1 f(--)))(z,0)= L ~ a w\f ^i^ (A * /2)L "" IW)|2 

X small sot \ \ J X 

X = LZ 

(Ais* * K) (X, L~ p n<t>{x),L-Vn(t>) (5.5) 
we will write (5.5) in compact notation 

X s. s. 
X = LZ 
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5.6 



X s- s. I I J -A 



JYT dx 1 e-^^ L '^ n ^ 2 rf^(X,L-^nm,L- f3 T s n<j ) ) (5.6) 



Then we define the relevant part in the following way 



£ ( 5 <D f (..-■)) ( Z ,0)= £ c{Ht)\l- 1 x^) = 



X s. 
X=LZ 



L -a 



5.7 



X s. s. 
X = LZ 



V ±_ / d !Cie -(^/2)^-' , l^(«i)l J f#=.(X,0,0) 



so that the irrelevant term is 



5.7.1 



with 



X s. 
X = LZ 



{l-C^Kr^L^X^) 



(5.7) 



(5.8) 



x 



5.7.2 



1*1 -'X 



cteie- (A * /2)L ~' 3|7 ^ (xi)|: 



-t 2 (A 



72)I-*(W(*)| a H^(*i)| a ) f #E, (X)fi -^ (i))ii -/3 r x^| (5 _ 9) 



Then we perform the derivative with respect to t obtaining 



(l-£)(^f)^(L- 1 X,</>) = ^— / dx ie -^ L ~ P \ n ^^ I dt 



x 



f 

Jo 



+ (V^t 2 ^(|^(z)| 2 H^i)l 2 )) !Lt^{X,tL-PKm,tL-PT*ncj>) 
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X 



^ie" (A * /2)L ~ /3| ^ (x 



x 



i)l 2 f 1 
Jo 



dt 



d_ 

dt 



+ 



^-^t^-^d^C^l^-l^^x)! 2 )^ [(^f^)^^-^^^),^-^-^; (L"^(x),0))+ 



+ (Dff Ee )(X, tL-^TZ(j)(x),tL-^n(j); (0, L^T^))]] 



(5.10) 



where the derivatives with respect to the field are ordinary partial derivatives, and 
we will denote them hereafter with <9, while variational derivatives with respect to the field 
4> have norms computed in C X {X) topology. We denote with D^K the first variational 
derivative in the direction of 4> in the activity K(X, <j>(x), 0). We can write the following 
bound for the activity (1 - C){nf)\L~ 1 X, (p): 



1(1 — C)(TZr) l!i (L~ 1 X, 0)1 < ^— / cfaie -(A./2)i.- /, l^(*i)l 

1^1 



L -i/2 e {\*/2)L^-*\\Km\'-\KH*^\ |(ff^)(X,tL-^(x),tL^T^)| + 



+ ^-^t 2 L^(| W )| 2 -|^ (a;i )l 2 )^ [|L"^(x)| |(aff^)(X,tL-^0(S),tL^T^0) 



+ 



+ ||L-^T^|| C1(X) ||(D (2) rf E «)(X,tL-^(x),*L-^T s 7^)|| 
vwhere in the second line we used the trivial inequality 

1 



(5.11) 



\ xe *\ < _ e «l*l Va>2 



We can give a suitable estimate of (5.11) by means of the following lemmas 



LEMMA 5.1.1 



Proof 



\ncp(x)\ 2 - \n ( f>{x 1 )\ 2 \ < \\nc/>(x)\ - \n ( f>{x 1 )\\ \\n</>(x)\ + in^) 
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Using the mean value theorem, a Sobolev inequality and the assumption that X is a small 
set 



H^x)! 2 -!^!)! 2 ! ^(ix-x^L-^-f 3 ^ sup V(f>(x))(2\TZ ( f>(x 1 )\ + 2\\ ( l>\\ L - lx ^ a )< 

< \X\L-^\\<f>\\ L -x x ^ a (2L-/ 3 / 2 |^(x 1 )| + 2||^|| L - lx , 1 , (T ) 
and the lemma easily follows. 

LEMMA 5.1.2 

\\ L - PT *M\cw ^ 

< na^L-P/ 2 — 1 ( — + — ^ e (A*/2)(p/4)(l-t 2 )L-' 3 |^(x 1 )| 2 e («/4)(l-^)ll^ll^i x . 1 , CT 

Proof 
Recall that 

T*K(f)(x) = L^K^x) - \*T(x - x)K(f)(x) 
By trivial algebraic manipulation, and the property L@ — 1 = A*T(0) we obtain 

L-^TZ^x) = [K(f)(x) - TZ(f)(x)] + L" /3 (l + A*(r(0) - T(x - x)))K(f)(x) 
then we observe that because of Lemma 5.1.1 

|r(0) - T(x-x)\<\x- x\ sup |vr(x)| < 0(1)\X\ 



\U(j){x) - n(p(x)\ < L-W^lx - x\ sup \V(f){x/L)\ < \X\L~^-^ sup \V(j){x)\ 

x xeL- 1 x 

and we have therefore 

sup \L-^TZ(f)(x)\ < \X\[L~ {1 -W sup \V<j>{x)\ + 0(l)L-^\TZ(f)(x)\} 
xex xeL~ 1 x 

Analogously, for the first derivative 
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L-Pv x T*K(j){x) = L~^-^V(f>(x/L) - KVT(x - x)K(j)(x) 

and therefore 



sup \L-PV x T*-R(P(x) \ < L'^-W sup |V0(x)| + 0(l)L"^|7^(x) 

x6X lei" 1 ! 

Combining the two relations above we obtain 

||L-^T^0|| cl(x) < iXltL-^ 1 -^ sup^|V0(x)| + O(l)L-^W(x) 



xeL-^x 



Moreover, 



|^^>(x)| < |^^>(xi)| + |JsT|[ J L- (1 - /3/2) sup \V(p(x) 
Now we exploit the estimates 

sup |V0(x)| < ^LwmwU, 

and 

L-^ 2 !^!)! < 0(1)-= =L= — e (A./2)W4)(l-t a )I-"W(x,)| a 

and X is a small set 
The lemma has been proved. 



LEMMA 5.1.3 



Q.E.D 



\L-^V,6(x)\ < 0(1)- 1 L 13/2 e (A,/2)(p/4)(l-t 2 )L-^|^( :El )| 2 jK/m-t 2 )H\\l- lxA ^ 

(5.13) 

The proof follows the above lines. 

p, k are chosen sufficiently small but are of 0(1) in L. 

Then we obtain from (5.11) using the above lemmas, 



\(l-C)(nf)\L- 1 X, ( />)\ <0(1)L~^ 2 ^ [ dx 1 e-^ L ~^ 1 - E ^ n ^ 2 e im --^ .l 

\X\ Jx 
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I 



,2mi , 1 1 2 



dt 1 p (K/2)L-P(l-t 2 )(p/4)\K<k(xi)\ 2 p (K/4)(l-t 2 nl .- t , v . |r 

o VT^ 

f E * ) (X, tL- p K(j)(x) , tL-PT^Kcj)) | + 



+ 



(df ) (X, tL-P-Rjix), tL- T*1l(t>) 



+ 



5.11.1 



+ \\(D i2) ff^)(X,tL- n<P(x),tL-^n<P)\\] (5.14) 

In order to bound the activities in (5.14) in terms of the norms introduced in section 2 we 
introduce the following intermediate regulator 

5 . 12 G* p (X, <j>(x), 0) = e ( A */ 2 )( 1+ ")l^)l 2 G(X, 0) (5.15) 
where G{X, 0) is defined in (2.11). For G* P (X, <f>(x), 0) the following lemma holds 

LEMMA 5.1.4 

Let P be small enough but 0(1) independent of L. Let X be a small set. Then 



5.14 



G* p (X, (f>(x), 0) < e (^/2)4p|^(x)| 2 e 2K||^||^ liCT (5 _ 16) 

Proof 

We plug in the definition of G(X, 0) and observe that 

e -(A,/2)(l-p)|^(x)| 2 e (A,/2)(l+p)|^(x)| 2 = e -(A,/2)(|^(x)| 2 -|^(x)| 2 ) e (A,/2)p(|^(x)| 2 + |^(x)| 2 ) < 



< e (A*/2)|^(x)-^(x)||^(x)+^(x)| e (A*/2) /!) (|^(x)| 2 + |^(x)| 2 ) 

Recall that x and a; belong to X a small set. Then by using the Sobolev inequality we have 

\<P(x)-<P(x)\<2U\\ XXa 

\cf>(x) + cf>(x)\ <2|0Or)| + 2||0|U, 1)fT 

\<p(x)\ 2 <2\m\ 2 +m\x^ 

Then, using elementary inequalities we get 
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G* p (X,<f>(x),<f>) < e (^/^p\^)\ 2 e (-+^(i/P+2+2p))H\\%^ 
and lemma 5.1.4 follows choosing f3 small enough to give A* < k/(l/p + 2 + 2p) 

Q.E.D. 



5.15 



5.15.1 



5.16 



5.17 



We will also need : 
LEMMA 5.1.5 

¥*{X)\\ G « p <\\r{X)\\ G (5.17) 

\\(D (2) h)(X)\\ G ^<\\(Dr)(X)\\ G (5.18) 

\\(dr,)(X)U p <^-\\r(X)\\ G (5.19) 

Proof 

It follows immediately from the definition of G* p and of r* 

Q.E.D. 

We observe now that the derivatives and the fluctuation integral commute, and denoting 

{r* 
<9f* 

we have 

\(J*^)(X,tL-^Tl</>(x),tL- T s Tl<l>)\ < 
< J d» s *(QG* p (XX(x) + tL-PK<l>(x),C + tL-^ 

In passing to the last line we have used Lemma 5.1.4 

Now using the stability of the large fields regulator in the form (2.15) we have 
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|(J #E ")(X,tL-^(x),tL-^T £ ^)| < 



5.18 



< e (A t /2)(p/8)t 2 L-' 9 |^(x)| 2 e W8)t 2 ||^|| 2 L _ 1XiliCT || J(X)||< 



(5.21) 



Using again lemma 5.1.1 we obtain 

|(J #E ")(X,tL-^(x),tL-^T £ ^)| < 

5181 < e CA,/ 2 )W 4 )^z.-^|^(^ 1 )l 2 e (-/ 4 )* 2 ll^lli- 1 ^, 1 , CT ||,7(^)|| G ^ (5.22) 

Finally returning to (5.14) and using (5.22) together with the fact that J* dt(l — t 2 ) -1 / 2 = 
0(1) we obtain 

\{l-C){nr)\L-'X^)\< 



< 0(1)L-P/ 2 — I (fo 1 e- (A * /2)(1 -'' /2)L " /S| ^ (!Bl)|2 e ( ' s/2)ll * ll '- 1 ^i.«' 
\X 



x 



5.19 



+ ll(<9r*)P0lk p + ||(I>(2)r*)WllG.J 



(5.23) 



and then from (5.17)-(5.19), performing the rescaling, using L a = 0(1)L D for e small 
enough, and Lemma 5.1.5 we get 



5.20 



|(1 -^(^"(L- 1 ^ 0)| ^(^(l^-^L-^L-^^Hf^llG,! (5.24) 



Now we want to obtain an analogous estimate for the derivative (-0(1 — £){1ZrY)(L 1 X, <j>) 
By definition we have 



(D(l-C)(nrnL- 1 X, ( p-J)= A 



(l-£)(^f)HL- 1 X,0 + S /) = 



s=0 



| tfaie-O./^l^i)! 3 |-^/(xi/L)(L-^ 2 7i0)(xi) 



+ 



+A.(/(|)0(|)-/(^)0(^))e-^"^<^ 

Lj Lj Lj Lj 
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+e -^L-?(\KHt)\ 2 -\K^i)n [(D (2) ff E )(X,L-^0(x),L-^r^;(O,L-^T^0)) 



+ 



+L-^(^/(x))(aff E ")(X,L-^(x),L-^T £ ^;(L-^(x),0))^ | (5.25) 



5.21 

We note that 



(/(f^f) - < " + - 0(^))l < 

< ^ll/llo^L-i^d^)! + Mh-ix,!,*) (5-26) 

and 

||L-^^/|| cl(x) < 0(l)L-^ 2 ||/|| cl(i - lx) 
which is proved as (5.12). 

Now we can proceed to the estimate of (5.25) along the same lines as the proof of (5.24). 
Recalling the definition of the norm of functional derivatives given in section 2, we obtain 



{D(l — £)(lZr)^)(L~ 1 X, 0)|| < 0(1)L~ )3 / 2 L~ D G(L~ 1 X, 0) [\\f(X)\\ G + \\(Dr)(X)\\ G ] 

(5.27) 

The results (5.24) and (5.27) can be written in terms of the norms introduced in section 2 
in the following way 

\\(l-£)(nr)\L- 1 X^)\\ 1 <0(l)L-^L- D G(L- 1 X^ (5.28) 
Now we go back to (5.8). Using (5.28) we obtain 



\\{1-C){S 1 &^)\Z^)\\ 1 <0{1)L-^L- D £ G{L-'XM\r{X)\\G,i (5.29) 



X a. 
X = LZ 



This implies, exploiting Lemma 2.1.1 

\\(i-c) (s 1 r^)\z, ( p)\\ l r p (z)< 

<0(1)L-^L~ D G(iT^,0)||f(X)|| G>1 r(X)< 



X s. s. 
X = LZ 
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<0(l)L-^ 2 L- D ||f|| G)1 ,r G ( L ~ lx ^) ( 5 - 3 °) 

X S. B. 

X = LZ 

Now we use lemma 2.3.3 to get 

||(1 -£) (5if("-))' , (z,0)|| 1 r 1 ,(Z) <0{l)L-P' 2 \\r\\ GXT G{Z^) (5.31) 
Observing now that 

E 1 = o(i) 

Z s. s. 
ZD A 

we have proved the following proposition 
PROPOSITION 5.1.6 

The contribution (1— C) (<Sif ( s ' s ')) due to small set activities and linear reblocking satisfies 
the following bound for any p > 0, 

||(1 - C) faf^y || G ,i,r P < 0(l)L-^ 2 ||f|| G>1 , r (5.32) 

5.2. Linear reblocking, large set contributions 

Now we consider the contribution (<Sif ^" s ")) due to large sets in linear reblocking. After 
reblocking and rescaling we obtain for such terms 

S 1 r {La -\Z,<l>)= Yl (KKKL-^X^) (5.33) 

X large set 
X = LZ 

For such contributions we have the following lemma : 
LEMMA 5.2.1 

II (Sxf^)) || Gil , r < 0(l)L-( 1 -^ 2 )||f|| G ,i,r (5-34) 

Proof 

This is nothing but Lemma 2.5.3 of section 2. 

5. 3. Bound for the relevant part. 

We prove some preliminary lemmas on the bounds of the relevant part. The relevant terms 
Fr(Z,<p) are defined by (see (5.7)) 
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5.56 



Fr(Z,cj>)= CiUr^iL^X^) (5.35) 



X s. s. 
X = LZ 



Since \X\ < \X\, Z is a small set. 
Then we have 

LEMMA 5.3.1 For any integer p > 

5.57 ||i ; >||G > i > r p <0(l)||r||G > i > r (5-36) 

where 0(1) depends on p. 

Proof 

X is a small set. From (5.7) we have 



5.58 



C(TZr)\L- 1 X,<j ) ) = -^— [ dx 1 e-^ 2 ^ x ^ 2 f* S \x,0,0) (5-37) 

\L x \ Jl-^x 

and it is easy to see, using (5.21) as well as (from Lemma 5.1.5) 

ll(r*)WllG. p <0(l)||r(X)|| G (5.38) 
that the following inequality holds 

\\C(nr)\L^X)\\ G < 0(l)L- D \\f(X)\\ G (5.39) 
Analogously, for the functional derivative 



5.61 

and we have therefore 



WiDCinf^L-^Wa < 0(l)L- D \\r(X)\\ G (5.40) 



5.62 II^W"|| G> i >rp < 0(l)L- D \\r\\ Gtl ,T (5.41) 
Applying lemma 2.3.3 finishes the proof 

Q.E.D 

LEMMA 5.3.2 

5.63 ||^IU,i,r p < 0(l)||f|| G ,i,r (5.42) 
Proof 
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From (5.37) and (5.38) we have 



\C{Kr)\L- l X,4>)\ < 0(l)L- D \\r(X)\\ G (5.43) 
and similarly, for the functional derivative 

KDCm^L-^M < 0(l)L- D \\r(X)\\ G (5.44) 
Applying again lemma 2.3.3 we have the proof. 

Q.E.D 

We want to write Ff(Z,4>) in terms of the sets where the dependence from the field cj> is 
localized. In other words, we want to write the decomposition 

5 66 Fr(Z,cf>)= J2 Fr{Z^A) (5-45) 

AcZ 

where in Fp(Z,A, (f>) appear only fields defined in A. 
Ff (Z, A, 4>) is given by 

i^,A,0)= J2 E L ~ a I dx 1 e-* L -'\*+W MX) (5.46) 
a i: a 1= la V ,.. 

where 



5.69 



Zf(*)= p^rf E *(X,0,0) (5.47) 

From the above expressions it is easy to check that (5.45) is satisfied. 

Now, following [BDH 1], we define the contribution to the local effective potential : 



Vk(A,0) = - *>(2,A,0) (5.48) 

ZDA 
|Z|<2, conn 

and from (5.46) 

£F,(Z,A,0)= £ E E W (5-49) 



5.70 

ZDA Ai:Ai=LA -ZDA 



X = LZ 



5.70.1 



It is immediate to see that this can be rewritten as 

£F,(Z,A,0)= £ W ^e-^l^l 2 £ MX) 

ZDA A i: A 1= LA >/Al 

1/ /ebbraio/2008 [72] 5:12 



(5.50) 



Now we want to prove the following lemma 



LEMMA 5.3.3 



5 . 72 Vk(A,0) = £,K(A,0) (5.51) 

with 



5.73 



Ifcl <0(l)||f|| Gil ,r<0(l)e 5 / 2 ^ (5.52) 



Proof 

By translation invariance 



E ^(^)= E 4rrf E -(Jr,0,0) (5.53) 



X: s . s . X : s . s . 



with x midpoint of X is independent of Ai, i.e. Ai can be taken any unit block and the 
sum does not change. Therefore we define 



E j4rf B -(X,0,0) = &L-' 



X: s. 



and (5.50) can be rewritten 

E Fr(Z,A,<p) = L~ a [ dx 1 e-^ L ~"\ n ^\rL- £ (5.54) 

7 — \ a J LA 



5.75 



Performing the rescaling in (5.54) we obtain (5.51). 
To prove the bound (5.52) we observe 



5.76 



m<0(l) E 7^|rf^(X,0,0)|<O(l) E 0(l)\\r(X)\\ G (5.55) 



\X\ 

X: s.s. 1 1 X : s . s . 

XDAj XDA 1 



where in the last step we used (5.22) followed by Lemma 5.1.5, (5.17). 
From (5.55) we have 

l£f|<0(l)( E Wlki,r< 

Z S3. S3. 

<0(l)||r|| G ,i,r 
and by lemma 3.3.1 we obtain the proof. 



Q.E.D. 
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§6 Extraction estimates. 



From lemma 3.1.1, then reblocking-rescaling followed by fluctuation integration, and 
then the preliminary extraction provided by lemma 3.4.1, we obtained a single step of RG 
in the form 

e -9 v *WExp(n+K)(A) — > e- 9LSv ^ L ~ lA ^£xp(n + K^L^A) (6.1) 

with K given by (3.45). In sections 4-5 respectively we obtained the relevant parts Fq 
(see (4.28)) and Ff (see (5.35)). They are supported on small sets and have the following 
local representations: 

Fq(Z)= ]TFq(Z,A) (6.2) 

AcZ 

Fr(Z)= J2 F r(Z,A) (6.3) 
AcZ 

The corresponding local potentials are 



V Q( L ~ lA )= E V Q( A ) 

Aci _1 A 

^( A )= E F Q (Z,A) = -L s b l9 2 V*(A) (6.5) 



ZD A 
ZCi _1 A 



with hi = O(lnL) > (see lemma 4.6.1) 



AcL- J A 



V!(A)= F f (Z,A) = £ f V.(A) (6.7) 



ZCi _1 A 



with |^| < 0(l)e 5 / 2+v (see lemma 5.3.3). These lemmas are valid under the assumptions 
(3.5) and (3.11) on g and on the remainder r. 

Define the total contribution to the local effective potential, due to Fq and Ff as 

V' F = V Q + VI (6.8) 

where the total relevant part is 
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6.9 F = Fq + Fr (6.9) 

Then the local effective potential gL e V^(L~ 1 K) can be replaced by 



6.10 



V = gL e V* + V^ (6.10) 

provided we replace the activity K with a new activity S(K). This procedure known as 
extraction (adopting the terminology of BDH) is given by the following proposition: 

PROPOSITION 6.1 (Extraction) 



6.11 

where 



e -gL^{L 1 ^E xp (u + K){L- 1 k) = e- v ' {L lA ^£xp(o + £(K))(L~ 1 A) (6.11) 



£{K) = (K-F) + (e~ F — 1 — F) + (e~ F - l)+ 2 + (e~ F — 1) + V K (6.12) 
Before we prove this proposition let us observe: 

6 . 13 V = g'V* (6.13) 
where 

6 . 14 9' = L e g(l-b ig ) + b (6.14) 
as follows from (6.8) and (6.10). 

Proof of proposition 6. 1 
£{K) is determined by 

615 £xp(n + £(k))(L- 1 A) = e v ^ L ~ lA) £xp(n + K)(L- 1 A) (6.15) 
From (6.2), (6.3) and (6.9) we have 



F(Z)= $^F(Z,A) (6.16) 

AcZ 

Observe that 

E nz)= E E F ^ A ) = E E m*) = 

ZCL~ 1 A ZCL~ 1 AACZ ACL~ 1 A ^ 

ZCL~ 1 A 

= -VU*) = -VUL- 1 A) (6.17) 

ACL~ 1 A 

1/ febbraio/2008 [75] 6:2 



Hence 



e ^(L-A) = "Q e -F(Z) = "Q ( (e -^)_ 1) + 1)= ^ (n+(e -F_ 1) + )(L -l A) 
ZCL~ 1 A ZCL~ 1 A 



6.18 

Using this, from (6.15) 



6.19 

and from lemma 1.4.1 



6.20 



Note that from the definition of K given in (3.51) and from (5.35) 



1 

6.23 H' H^, -Me — 



Proof 

We recall that we have already proved 



(6.18) 



£xp(n + £{K)) = Sxp(u + (e~ F - l)+)£xp(n + K) (6.19) 



8{K) =K + (e~ b - 1)+ + {e~ t — 1) + Vif = 
(K — F) + (e~ F - 1 - F) + (e~ F - l)+ 2 + (e~ F — 1) + V K (6.20) 



Q.E.D. 



6 . 21 £(K)=l k+1 +r' (6.21) 

where 



+ (e- F — 1 — F) + (e~ F - l)+ 2 + (e~ F — 1) + V K (6.22) 
We wish to estimate r'. This is provided by the following proposition. 

PROPOSITION 6.2 



r'lkiTe < T8T^ /2+V ( 6 - 23 ) 



11(1 - C) (5Wf(-)) || G)1) r 6 < 0(l)L-^\\f\\ GXT (6.24) 
(see proposition 5.1.6) 

II (Sift'"*-))* || G> i,r 8 < OCljL-^-^llfllcLr < 0(l)L-^ 2 ||f|| G>1>r (6.25) 
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(see lemma 5.2.1) 



\\rH G ,i,u < L-^e 5 ^ (6.26) 

(see lemma 3.5.2) 

||f|| G> i,r 8 < L-f*W*> (6.27) 

(see lemma 3.5.1) 

We prove the following lemmas before returning to the proof of proposition 6.2 
LEMMA 6.3 

\\e- F -l-F\\ G , hr6 <L-^e 5 ^ (6.28) 

Proof 

From lemmas 4.6.2, 5.3.1, 5.3.2 we have 

\\F\\ G ,i,r, < 0(l)e 7 / 4 llFlloo.i.r, < 0(l)e 7 ^ (6.29) 

for any integer p > 0, with 0(1) depending on p. 
From lemma 2.5.4 

\\e- F - 1 - F|| G)1 ,r 6 < 0(l)||F|| G>1>ra ||F|| 00>1> r 8 (6.30) 
putting in (6.30) the bounds (6.29) we have 

||e- F -l-F|| Gjl , r6 <0(l) £ 14 / 4 (6.31) 
and the lemma follows from the smallness of e. 

Q.E.D. 

LEMMA 6.4 

\\(e- F -l)U\G,i,r 6 <L-^e^ (6.32) 

Proof 

From lemma 2.5.5, following the same lines of lemma 6.3 

Q.E.D. 
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LEMMA 6.5 



ll(e" F - 1) + V £|| G>1>r8 < L-^e^ (6.33) 

Proof 



6.34 



(e~ F - 1) + V K\\ GA , F6 < 0(1) N+M \\(e- F -l) + ||^ 1 ,r 9 ll^lSi,r 9 (6-34) 



From the expression of K (3.51), corollary 2.5.2, bound (3.9) proved by means of lemma 
4.7.1, and lemmas 3.5.1, 3.5.2 we have 

6 .35 \\K\\g,i,t 9 < 0(1)£ 7/4 (6.35) 

From lemma 2.5.5, and (6.29) 



6.36 

Then 



6.37 

and the lemma follows from the smallness of e 



(e- F -l) + IUi,r 9 <0(l)£ 7 / 4 (6.36) 



e- F -l)+VK|| G)1 , r6 <0(l)e 14 / 4 (6.37) 



Q.E.D. 



Now we come back to the proof of proposition 6.2. 
From (6.24) - (6.27) and lemmas 6.3 - 6.5 we have 

1 



6.38 



T 5/2+ v 



r'\\G,i,r 6 < 0(1)^8^ (6.38) 



and proposition 6.2 follows for L large enough. 



Q.E.D. 



From (6.14) the evolved coupling constant g' at the end of one RG step is 



g' = L £ g(l-b ig )+& 

In the absence of the remainder contribution the approximate flow has the fixed point 
9 
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g = L £ g(l - hg) (6.39) 

whence 

3=^ (6.40) 

From lemma 4.6.1 we have 

0<6 1= O(lnL) (6.41) 
From the smallness of £ (3.5) we have 

9 = 0(e) (6.42) 

Assume 

\g-g\<e^ 2 (6.43) 

Then, since g = 0(e), we have g = 0(e) and the hypotesis at the beginning of section 3 is 
satisfied. We have, under the assumption (6.43) above 

PROPOSITION 6.6 

The evolved coupling constant g' satisfies 

W-g\ <e 3/2 (6.44) 

so that the closed ball centered at g of radius £ 3 / 2 is stable under RG iteration. 
Also, 

W~g\ <£ 1/2 £ 3 / 2 (6.45) 

Proof 

From (6.14) and an elementary calculation using property (6.39) we have 

g'-g=(g'-g)(l-L £ hg) + & 
g is 0(e), b± is O(lnL), hence for e sufficiently small 

< 1 - L £ b ig < 1 - 0(e) 
By assumption (6.43) above and by lemma 5.3.3 

ICrl < £ 5/2+?? 
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we have 



W ~9\< £3/2 (! - °( e ) + 0(e 1+11 )) < 

for e sufficiently small. 

The next part of the proposition follows by writing 

g'-9= {g-g){-L £ b ig )+tr 

and estimating as before. 
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§7 Convergence to a non Gaussian fixed point 

The partition functional at the n-th step of the RG can be parametrized by 

\9ni 1-ni 1"n) 

in volume L N+1 ~ n . A further RG transformation is a map 

(gn,Zn,r n ) — > (g n+1 ,l n+1 ,r n+1 ) (7.1) 

where the volume changes to £ l N + 1 -( n + 1 ) . i n order to discuss the convergence of the 
sequence of RG transformations we shall consider N, n very large with N ^> n, so that we 
are effectively in "infinite" volume. With this hypothesis, the sequence of transformations 
(7.1) are iterations of a fixed mapping. 
Let us now recall some results of the preceeding sections. 

By hypothesis lo = fo = and \go — g\ < e 3 / 2 . By the structure of irrelevant terms in 
second order perturbation theory given in section 4, and by results established there, we 
can write for any n 

n 

X n = Y J 9l-i% (7-2) 
i=i 

% = (Si2i_i)> (7.3) 



\M\g,i,t p < 0(1)LW-W 2 L* D +Q (7.4) 



for all integers p > 1, with 0(1) depending on p. 
Note that for n > 1: 



|X n -Xn-i|| G ,i,r p <L-^/V/ 4 (7.5) 



where we have used the smallness of e. 
By proposition 6.2, 6.6, the closed ball: 



B 



{g,r \ |^ - < s 3 / 2 , ||r|| G!l ,r 6 < e 5 / 2 +^ } (7.6) 



is stable under RG iteractions. Moreover from (7.2), (7.4), and using g n = 0(e) for all n, 
we get easily 
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1=1 



(7.7) 



We thus have 



PROPOSITION 7.1 



For any n 



\g n -g\< e 3/2 
\r n \\ G ,i,r 6 < e 5/2+ " 
||Xn|| G ,i,r 6 <£ 7/4 



(7.8) 
(7.9) 
(7.10) 



Define, for any sequence {a n }, the increments Aa r 
inductive hypothesis: 



a n+ i — a n , and make the following 



For all j = 1, 2, n, 



where 



|A^_i|<M£ 3/2 
||Ar i _i|| G ^ v ,<A& 5 / 2+ '» 

K = l-elnL + 2e 1+v / 2 



(7.11) 
(7.12) 

(7.13) 



Clearly < k* < 1. 

Note that the inductive hypothesis is true for j = 1. In fact, for j = 1 (7.11) follows 
from proposition 6.6, and (7.12) follows from proposition 6.2 if we use L _/3 / 4 < fc*, for 
sufficiently large L. Remember r = 0, r\ > and sufficiently small, say rj = 1/20 as in 
section 3. Our task will be to prove that (7.11) and (7.12) are true for j = n + 1. To this 
end we first note some preliminary estimates. These are increment version of lemma 3.3.1, 
(6.35), and lemmas 3.5.1, 3.5.2. They are summarized in the following lemma: 

LEMMA 7.2 



For any integer p > and for 0(1) depending on p 

||Af n _ 1 || G)1 ,r<0(l)^e 5 / 2 +^ 
HA^.xlld.r, <0(l)k^e 7 / 4 
||Af n _ 1 || G , li r p <0(l) z ^e 5 /^ 



(7.14) 
(7.15) 

(7.16) 
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||(Ar n _0W P <O(l)^ 5/2+?? (7-17) 
The quantities f , K, f , f are those introduced in section 3. 

We omit the proof of lemma 7.2. The proof is straightforward. We have to use proposition 
7.1 and the inductive hypothesis. We use lemmas 2.6.1, 2.6.2, 2.6.3. For (7.15) we use 
also (7.5) and L~P/ 4 < fc*. Then follow the lines of the proofs of lemma 3.3.1, (6.35), and 
lemmas 3.5.1, 3.5.2. 

Now turn to the extracted activities. By definition (see (6.22)) 

r n+1 = (1-C) (Sifi"->) * + (<Si?f s ">) * + ft + f n + 

+ (e~ F - -1-F n ) + (e~ F - - 1) J 2 + (e" F " - 1)+ V K n (7.18) 

Hence 

Ar n = (1 - £) (SiAfiti ) 11 + (^AfJlV) V (Af n _i)> + Af n _ 1 + 
+A( e - F - 1 - 1 - F n _i) + A(e~ F "~ 1 - 1) J 2 + 

+(A(e" F "- 1 - 1)+) V if n + (e^- 1 - 1)+) V Af„_i (7.19) 
PROPOSITION 7.3 



7.20 



|Ar n || Gjl ,r 6 < 0{l)K +1 e b ' 2+ v (7.20) 



Proof 

We estimate each term on the r. h. s. of (7.19). 
By proposition 5.1.6 and linearity 

11(1 ~C) (^Art^f lki,r 6 < ^||Af B _ 1 || G>1>r < j^Ke*'** (7.21) 
where in the last step we have used lemma 7.2. 

II {sM-i^ h,i,r 6 < g^llArwIl^r < ^Ke^ (7.22) 
by lemmas 2.5.3 and 7.2. 

IKArn-^lki.re < 0(1)^6^ (7.23) 
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by lemma 7.2. 

me-^-l-Fn-jy^KOMj^e*'*** (7.24) 



Proof of (7.24) 



Consider first Fq with g = g n = 0(e) by proposition 7.1. From lemma 4.6.2, for j = 
n — 1, n and any integer p > 

\\F Qj \\ G ,i,r p < 0(1)£ 7 / 4 Hoo.Lr, < 0(1) £ 7 / 4 

Then, by lemmas 5.3.1, 5.3.2, for j = n — 1, n and any integer p > 

UffJcMV < 0(l)ll^l| G ,i,r < 0(l)e^ IIF.JU,^ < 0(l)||f,- || G ,i, r < 0(l) £ 5 /2+, 

where in the last step we used lemma 3.3.1 
Hence 

ll^lki,r P < 0(l)e 7 / 4 U^IULr, < O(l). 7 / 4 (7.25) 
Hence, by lemma 2.6.2 

l|A(e- F »- - 1 - F n . x )\\ G , x , Tt < 0(l)e 7 / 4 ||AF n _ 1 || G)1 , r6 (7.26) 

By (4.31), (4.32) 



7.26 



ll A ^„_Jki,r P ^OilnL^+^gl-gl^l <0(l)Ks 7 / 4 (7.27) 

where we used in the last step the inductive hypothesis. By lemma 5.3.2, linearity, and 
lemma 7.2 

7 . 27 UA*>„-jG,i,rp < OmAr^WG^r < 0{l)Ke^ (7.28) 
From (7.27), (7.28) we obtain 

7 . 28 ||AF n _ J G)1 ,r 6 < 0(1)AC £ 7 / 4 (7.29) 
Putting (7.29) in (7.26) and using the smallness of e we obtain the proof of (7.24) 

We have now the estimate 

l|A(e- F »- - l)J 2 || G ,i,r 6 < ^Ke^ (7.30) 
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This follows from (7.25), (7.29) and lemma 2.6.3 
Next we have the estimate: 

ll(A(e- F »- - 1)+) V k n \\ GXT& < 0(l)||(A(e- F - - l) + )|Ui,r 9 ||^n|k 

< 0(l)||AF„_ 1 || 00>1> r B ||^„|| G ,i,r 9 < O(l)^ 14 / 4 < ^^£ 5/2+J? 
where we have used lemma 2.6.3 with k = 1, and then (7.29), (6.35). 
Finally, we have: 

IKe-^-i - 1)+ V AiT n _i|| Gili r a < 0(l)||(e- F »- 1 - l) + || 0O , l5 r 9 ||A^n-i||G 

< O(l)^ 14 / 4 < g§^ 5/2+ " 

where we have used (6.36) and lemma 7.2 

Adding up the estimates given in (7.21)-(7.24) and (7.30)-(7.32) we obtain 

II A r |L ir < fen e 5/2+T? 
||^' n||G,l,r 6 ^ T R/2 



! ||"' n||Lr,i,i 6 _ ^^3/2 ' 

and from this we obtain the proof for L large enough. 



PROPOSITION 7.4 

|A<7 n | < k: +1 e^ 

Proof 

9n+i = L £ g n (l - 6i# n ) + ir n 

whence 

A# n = A(7 n _i(L e - L e h x {g n + g n -i)) + A^ n _ 1 
Using the definition of the approximate fixed point 

L £ - 1 
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We have 



7.34 



7.35 



7.36 



L £ - L e b x {g n + # n _i) = 2 - L £ - L e b x {g n - g) - L e b x (g n _ x - g) 
Using the fact that L e — L £ bi(g n + g n -i) > for e sufficiently small we have 

< L e -L e b x {g n + g n - X ) < l — elnL + L s bi\g n —g\+L s bi\g n -i —g\ < l-elnL + 2L £ b 1 e 3 / 2 

(7.36) 

We have also by the inductive hypothesis 

|A<7n-i| <Ke 3/2 (7.37) 

|A^„_J < 0(l)||Af n _i|| G> i >r < 0{l)Ke^ (7.38) 

where we also used linearity and lemma 5.3.3. 
Putting (7.36), (7.37) and (7.38) in (7.35) we get 

\&g n \ <£ 3/2 (f-elnL + 2L e 6 1 £ 3 / 2 + 0(f)e 1+?7 )^ < 

< k: +1 e 3 / 2 



which gives the proof of (7.34). 



Q.E.D. 



Propositions 7.3 and 7.4 imply that the inductive hypothesis (7.11), (7.12) is actually true 
for all j > 1. This, together with (7.5) and proposition 7.1 implies: 

THEOREM 7.5 

Let e > and sufficiently small. Then the sequence (g n ,T n ,r n ) converges, as n — > oo to 
the fixed point ((7oo,2Too, r^). Moreover 

|#oo - g\ < e 3/2 
||roo|| G ,i,r 6 <£ 5/2+?? 

Since g = O(e), we have g^ ^ so that the fixed point is non Gaussian. 
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Appendix A 

In this appendix we will prove lemma 2.3.2 on the stability of the large field regulator. 
Proof 

Using the master formula given in Lemma 1.3.1, we have 



J ^ s , 1 (Oe (pA * /2)lc(xi)+L_ ^ (xi)|2 e' t|lc+L " /3Ta;i ^ 11 ^. 1 .- < 

< !£2 f da . ie -(A,/2)L-"|^ 1 )| a 
\ x \ Jx 



Observing that 

a = E Xl (a: 1 ,x 1 ) = 7 -A*L"V 



so that 



A * a = 1 " TP 



we easily obtain the bound 

< e 2pA.L- 2 "|0( a!l )| 2 y^ Elei ^) e 2pA.|C(* 1 )| 2 < 



A. 2 

hence for < p < | we get from (Al.l) 



< (1 - 4p)- d / 2 e 2 P x * L ~ 20 ^^ 2 (A1.2) 



\ A I 
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• (| dp E .i (C)e 2 ^ +L - 0TX1 ^^ V2 (Al.3) 
We shall now estimate the last integral in (Al.3). First we observe: 

c + l-Pt^i^ = ( + - A*L" /3 r(-, xi)0(xi) 



Then we have 



041-4) 

We now make the following claim. 
Claim A.l 

For k > sufficiently small, independent of L, and any x\ E X 

J dfi^ (C) e 4 "ll<+*ll3r,i,„ < 2l x le 8K " (A1.5) 
Observe also that, from lemma 1.1.1, 

l|r(-,*i)|& >1>a < E f dx\d a T(x- Xl )\ 2 < J2 f dx\d a T(x- Xl )\ 2 <0(l) (A1.6) 

Using (A1.5) and (A1.6) we get from (A1.4) 

J d^ 1 (()e 2K ^ +L ~ /3TX1 ^x,i^ < 2\ x \ e W KX * L ~ 2/3 ^ Xl ^ 2 e 8K ^x,i^ (A1.7) 
and using (Al.7) we get from (Al.3) 

^r*G PiK )(X,<f>) <0(1)^ f ^ ie - (A '/ 2 K 1 -^( 1 +°( 1 )7^))^' 3 l^)l 2 2 |x| e 4 K |^||^ 1 , CT 

1^1 Jx 

(A1.8) 

We have chosen k > 0, 0(1) in L, sufficiently small and < p < 1/8. We choose p > k. 
Then we get (2.14) for L sufficiently large. So lemma 2.3.2 will have been proved provided 
we prove the claim A.l. 

Proof of Claim A . 1 

The proof is along the lines of that of Lemma 3 in [BDH2] , the only difference being that 

we have the "covariance" E Xl instead of the covariance V. 

Recall 
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A io (x, y) = T(x -y)- KL-?T{x - Xl )Y{y - x x ) (Al.9) 

Define for t e [0, 1] 

where 

A11 U t (X,<p)=tln2\X\+4K(l + t)U\\ 2 x ^ a (ALIO) 

We have to prove 

- 1 , d 



f d 

J ds— (/i(i_ s )£*i * G s ) [X, <j>) > 



It is sufficient to prove that the integrand is non-negative. 
Thus we have to prove, for s G [0, 1] 



A. 12 



Here 



A s ^ s = / dx I dyV Xl (x,y) J, N J. M a 



x Jx 



8(f>(x) S(f>(y) 



A. 13 

and 



= A r U s -\*L-P^dxT{x-x 1 )jJ^J U s (A1.12) 



E 



Xl 



<9t/ s du 8 \ r , r , ^ , <^ s ^ s 



= [ dx [ dyll Xl (x,y) 
Jx Jx 



d(j)'d(j)J Jx J x '' 6(/)(x) 6(l)(y) 



AAA 
A. 15 

We have 



(f.f)-^(//^-)^y) » 

^ = ln2|X|+4«|H|2 (A1.14) 



A. 16 



< 0(1)k|X| 



(A1.15) 



where 0(1) is independent of L. The latter follows from the fact that the Sobolev norm 
starts with one derivative and lemma 1.1.1. 
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A. 17 



2 

J dxT(x - U s < 8«(1 + s) \\T(; Xl ) \\ 2 XXa < 0(1)k (A1.16) 

with 0(1) independent of L, by (A1.6). Using (Al.15) and (A1.16), we get from (Al.12) 



A. 18 



1 



< 0(1)k\X\ 



(A1.17) 



It is easy to see that 



d ^ & -§A <32k 2 Y, [ dy\d a ^{y)\\{{d^T)*d^4>){v)\< 

^ ^ ' l<a 1 ,a 2 <a Jx 



<32k 2 l|5 Ql </>||L 2( x)||(a ai+Q2 r)*c» Q ^|| L2( x) < 



l<ai,a2<cr 



<32«" sup ||#T|| L i (R) 

\2<j<2a 



) ( E ii^iuw J < 



A. 18.1 



<0(1)^ snp ||0T|| L i (R) \\<f>\\ x , hc 

\2<j<2<T 



(A1.18) 



A. 18.2 



where to pass to the next from the last line we have used Young's convolution inequality. 
Now, using the compact support of the kernel function u 

sup ||^r|| Ll(R) < sup / T f- J dx\(d j u)(x/l)\< 

2<j<2a 2<j<2aJl * J -I 

r L rll 

<2 sup / ^/ /3 - J ' +1 ||a%|| 00 < 0(1) 

2<j<2aJl I 



2<J<2 

where O(l) is independent on L. 
From (A1.18) and (Al.19) we get 



(A1.19) 



A. 19 



90 ' 90 



<0(lWU\\x,i,* 



(A1.20) 



Next we have 



(I dxY{x- Xl )^-\ <32k 2 [ V [ dxd a T(x — xi)d a (j)(x) | < 
\Jx 8<Kx)J \i£?<Jx j 
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<32k 2 ^J2 (/ dx(d a F(x - Xl )) 2 ^ Q dx\8 
< 0(1)k 2 ( sup / (d a T(x)y 

\l<a<cr JR 



<<j>(x)\' 



1/2 



< 



< 



<o(i)K 2 uf x , h 



A.20 



(A1.21) 



where 0(1) is independent on L and we have used lemma 1.1.1. Using (Al.20) and (Al.21) 
we get from (Al.13) 



A.21 



dU, dU, 



<0(1)k 2 U\\ 2 x ^ 



d(t> ' d(f) 

Putting together the estimates (A1.14), (Al.17) and (Al.22) we get 



(A1.22) 



os 2 2 



dU, dU q 



d(j> ' dcj) 



> 



A.22 



> (In 2 - 0(1)«)|X| + (4k - 0(1)k 2 )U\\ 2 > 



(A1.23) 



for k > small enough and independent of L, since the 0(1) are independent of L. This 
completes the proof of the claim, and hence of lemma 2.3.2. 



Q.E.D. 
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